HOMOLOGICAL METHODS IN THE GENERALIZATION
OF DRINFELD MODULES
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ABSTRACT. We introduce and study a natural class of Anderson t-mo-
dules, called triangular t-modules, characterized by having Drinfeld mo-
dules as their 7-composition factors. They form a homologically mean-
ingful generalization of Drinfeld modules and exhibit rich arithmetic
structure.

We establish criteria for purity, strict and almost strict, and develop
a reduction procedure that lowers the degrees of the defining bideriva-
tions. As a consequence, every almost strictly pure triangular t-module
becomes strictly pure after a finite base extension.

We then investigate morphisms and isogenies between triangular t-
modules, provide a characterization of triangular isogenies, and describe
the algebra of endomorphisms, including a criterion for commutativity.
On the analytic side, we show that all triangular t-modules are uni-
formizable and establish finiteness and purity criteria with consequences
for Taelman’s conjecture.

Finally, we develop a duality theory for triangular t-modules and their
biderivations, proving compatibility with 7-composition series and estab-
lishing analogues of the Cartier—Nishi theorem and the Weil-Barsotti
formula.
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1. INTRODUCTION

Drinfeld modules and their higher-dimensional analogues, the Anderson
t-modules, play a central role in the arithmetic of global function fields.
This is due to their numerous applications, for instance in class field theory,
the theory of automorphic forms, the Langlands program, and Diophantine
geometry (see [G96], [Th04], [BP20]). After adjoining the zero object, the
category of t-modules becomes an F[t]-linear additive category, although
it is not abelian. Despite many analogies with the category of abelian va-
rieties, one of the key differences is that the category of t-modules is far
from semisimple, making it natural to study the groups Ext'(®, ¥). The
investigation of these extension groups was initiated in [PRO3| and subse-
quently developed in [KK24], [GKK24], and [KK26]. A central technical tool
in these works is to interpret extensions as appropriate biderivations. An
interesting and subtle question is when Ext!(®, W) itself carries a natural

t-module structure.
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In |[GKK24] we introduced an algorithm, called the t-module reduction
algorithm, which allows one to determine t-module structures on Ext*(®, ¥)
for wide classes of pairs of t-modules. In that paper the notion of a 7-
composition series was developed, and it was proved in |[GKK24, Theo-
rem 5.2, Corollary 5.3] that, under suitable hypotheses, the t-module re-
duction algorithm applies to t-modules possessing specific 7-composition
series. Among these, the t-modules whose T-composition factors are Drin-
feld modules deserve special attention. In a suitable basis, such t-modules
have triangular matrix form, and hence we refer to them as triangular t-
modules. They form a new and rich class in the category of t-modules and,
from the homological viewpoint, they generalize the class of Drinfeld mo-
dules. This leads to the following question:

Question 1.1. Which properties of Drinfeld modules are inherited by tri-

angular t-modules?

The goal of this paper is to answer this question, as well as related
questions for the corresponding t-motives and t-comotives associated with

triangular t-modules.

In Section 2, we recall the basic definitions and results needed later in
the paper. In particular, we review both the analytic and the algebraic
approaches to Anderson t-modules, and discuss extensions of t-modules via
biderivations. We also introduce the category of t-motives, which is known
to be anti-equivalent to the category of t-modules (cf. Theorem [2.1]), as well
as the dual notion of a t-comotive.

Remark 1.1. Following [GM25] we use the term t-comotive instead of the
more traditional dual t-motive. This terminology avoids potential confusion

with the dual of a t-motive in the usual categorical sense.

In Section 3, we prove that the category of t-modules is exact, as defined
by Quillen in |[Q73]. While it is well known that the category of abelian
t-motives is exact, we work directly inside the category of t-modules, de-
scribing explicitly the admissible monomorphisms and epimorphisms (see
Section .

In Section 4, we introduce triangular t-modules and give necessary and
sufficient conditions (see Proposition for such modules to be strictly
pure or almost strictly pure. We then develop a reduction theory culminating
in a reduced form theorem (see Proposition , which shows that any
triangular t-module acquires a form with biderivations of minimal degree

after a finite base extension of a controlled type.
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Section 5 is devoted to morphisms between triangular t-modules. We in-
troduce the notion of a triangular morphism, which behaves analogously to
morphisms of Drinfeld modules; see Proposition We then study trian-
gular isogenies and give a characterization of when a triangular morphism
is an isogeny (cf. Proposition . We conclude this section by studying the
algebra of endomorphisms and provide a sufficient condition for its commu-
tativity. Proposition [5.9) concerns the effective determination of morphisms

in a finite characteristic.

In Section 6, we develop the analytic theory of triangular t-modules.
In particular, we prove a general result (Theorem on the behavior of
exponential functions in exact sequences. As a consequence, every triangular
t-module is uniformizable (see Corollary [6.6).

Section 7 shows that triangular t-modules are t-finite and therefore
abelian. Theorem provides a criterion for purity, and we conclude the

section with corollaries concerning Taelman’s conjecture for triangular t-

modules (see Corollaries and [7.8).

In Section 8, we recall the definition of the dual t-module introduced
in [KK26| and study the duality of triangular t-modules. We prove that
this duality is compatible with 7-composition series and also establish the
Weil-Barsotti formula (Theorem [8.2). We then adapt duality to bideriva-
tions, defining the dual biderivation §* and its double dual (6)V, and show
that the assignments § — 0 and 6" — (V)" are F -linear (Corollary [8.8).
Finally, we give explicit formulas for dual biderivations in the case of trian-

gular t-modules allowing for LD-biderivations.

Section 9 establishes an analog of the Cartier—Nishi theorem for triangu-
lar t-modules allowing for LD-biderivations (Theorem [0.3)). We also prove
Corollaries 0.4 and [9.5] which describe cases where the sequence of ranks of
sub-quotients is strictly increasing or at least non-decreasing. As in [KK26],
we use the Ext-definition of the dual t-module. In [KK26, Appendix| by re-
fining the methods of [T95], it was shown, that for strictly pure t-modules
without nilpotence the dual module of Taguchi is isomorphic to that given
by the Ext functor. Since triangular t-modules are not strictly pure in gen-
eral, our results provide a new class of t-modules for which the dual module
exists and satisfies (®V)" = ®.

2. BACKGROUND

Let p be a prime number, F, a finite field with ¢ = p° elements, and

A = F,[t] the ring of polynomials in one variable. By & we denote the field
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of rational functions F,(f) in a variable §. The co—adic completion ko, =
F,((1/6)) can be given a normalized valuation | - | satisfying || = ¢.
Finally, in order to ensure that the field under consideration is algebraically
closed and complete, one has to pass to C,, the completion with respect to
| - |oo of the algebraic closure k.. Then there exists a natural embedding
t:A— Cg.

2.1. Drinfeld modules. Recall that an A—submodule A C C is called
an A—lattice if it is a finitely generated, projective A—module, discrete
in the topology of C.,. For every A—lattice A there is an entire function:
expy : Coo —> C, defined by the formula:
expy(z) = z H (1 - ;)

0#NEA
The function exp, is F,-linear and induces the following short, exact se-
quence of A—modules:

expy

0 A Coo Coo 0.

Let G, be an additive algebraic group defined over C,. Then End(G,) =
Coo{7}, where Coo{7} is an [ -algebra of twisted polynomials, i.e. which
fulfills the condition 7z = 297 for z € C,.. V. Drinfeld showed that for every
a € A there is a twisted polynomial ¢, € C, {7} such that the following
functional equation:

expy(az) = ga(expy(2))
holds true. The map a — ¢, is an F;—algebra homomorphism called the
Drinfeld module associated with A. We will denote it as ¢ : A — Coo{7}.
The rank of a Drinfeld module is the rank of the lattice A and will be
denoted as rk¢,. Notice that the Drinfeld module ¢y : A — Co {7} is
uniquely determined by its value at ¢:

¢t :9+a17+a272+---an7”.
Also n = deg, ¢; is equal to the rank of ¢,. More generally, one has
deg, ¢, = deg,a -tk ¢, for every a € A.

2.2. Anderson t-modules. Higher dimensional analogs of Drinfeld mo-
dules are Anderson t-modules [A86]. They are defined as F,—algebra ho-

momorphisms:
(2.1) d: A— Maty(Coo{7})

where
(I)t = aq)t —+ AlT + A27—2 + e AnTn7
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and 0 denotes a derivative on Gg. Here 09, = 01; + Ng where I, is the
identity matrix and N is a nilpotent matrix. We say that ® has dimension
d and is of degree deg ® := deg, ®;. In this case there also exists a uniquely
determined exponential function Expg : C4 — CZ, defined by the series:

Expg(7) = I;7° + Z BT’
i=1

satisfying the following functional equation:

Expg (8CI>aT) =, (Equ)(T)).

Expg is defined on the whole of C% , but does not need to be surjective. If
Expg is surjective then we say that the t-module ® is uniformizable. For
example, Drinfeld modules are one-dimensional, uniformizable t-modules.
Recall that Expg is a homomorphism of F,[t|]—modules and its kernel A
is a discrete finitely generated d®(A)— submodule of C%. We call A a
0P (A)—lattice for ®. Its rank is defined to be the rank of ®. Notice that for
a t-module ® of dimension d > 2 its degree deg ® is not necessarily equal
to rk ® (cf. [G96, Example 5.9.9]).

Considering t-modules in terms of the exponential functions and lattices
yields an analytic approach to the theory. Here, one has to work with the
field C,, or at least a sufficiently large subfield (containing the lattice of
®). If we consider a t-module as a homomorphism then we have an
algebraic approach to the theory. In this case we can consider t-modules
for an arbitrary A—field K, i.e. a field of characteristic p equipped with a
homomorphism ¢ : A — K such that «(¢) := 6. We say that an A—field K is
of A— characterisic zero if ¢ is an inclusion. If ¢ factorsas A — A/p — K
where p is a prime ideal of A then we say that the A—characteristic of K
is p. We will denote the A— characterisic of K as char, K. In this paper
we are usually considering t-modules defined over an arbitrary A—field K.
The only exception is section [6] in which we investigate analytic properties
of triangular t-modules. So, we will work with the field C,, therein.

Recall that t-modules form a category. A morphism between t-modules
® and ¥ of dimensions d and e, respectively, is given by the matrix F €
Matexq(K{7}) satisfying the following condition:

Fo =VUF.

After one adjoins the zero t-module 0 : A — 0 this category becomes
additive but nonabelian. The category of t-modules will be denoted as t-

mod, and the space of morphisms as Hom,(®, V).
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2.3. Extension of t-modules. Every t-module ® of dimension d induces
an A—module structure on the space K9 This is given by the following

formula:
axx:=®,(x), for acAze K

This module is called the Mordell-Weil group of ® and is denoted as
®(K?). Analogously, every morphism of t-modules induces a morphism of
A—modules. In this way one obtains the inclusion functor from the category
t-mod into the category A — mod. This functor enables us to transfer the
notion of exact sequences to the category of t-modules in the following way.

We say that the sequence of t-modules
(2.2) 0—®—7T —V—0

is exact if the corresponding sequence of A—modules
0 — &(K?) — T(K“) — U(K®) — 0

is exact. By Ext! (¥, ®) we will denote the set of exact sequences of the form
(2.2) modulo the isomorphic sequences. Similarly, to the classical situation
of modules over algebras the set Ext! (¥, ®) is an F,—linear vector space. It
is also an A—module where multiplication by a is given by the pullback by
U, or equivalently the pushout by ®,.

For a short, exact sequence of t-modules there exists a six-term Hom — Ext
exact sequence , (see[KK24, Theorem 10.2]) for both the domain

0 — Hom,(¢,®) — Hom,(¢,Y) — Hom,((, V) —
— BExt! (¢, ®) — Ext}((,T) — Extl((, ¥) — 0,

and also for the range of the Hom..

0 — Hom, (¥, {) — Hom,(Y,{) — Hom,(®,({) —
— Ext}(¥, ) — Ext}(T, () — Extl(®,¢) — 0.

In this paper we will use a description of exact sequences by biderivations.
This approach was suggested by M.A. Papanikolas and N. Ramachandran
in [PRO3|. According to this, by an appropriate choice of coordinates in the
t-module T in , we can assume that the maps in this sequence are
an inclusion on the second coordinate followed by projection onto the first

coordinate, thereby we obtain the following sequence:

)

00— — 7T — " ¥—0.
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Then T is given by the following block matrix:

[%T%:%} L F[t] — Mat, a(K{r}).

Therefore each extension is given by the F,—linear map
d : Fy[t] — Matgx(K{7})
such that
dab = 0,Vp + Do, for each a,b € F,[t]

where 9§, is an evaluation of § at a. The space of biderivations will be denoted
as Der(V, ®). Two exact sequences given by the biderivations ¢ and ¢ are
isomorphic if there is a matrix U € Matgx.(K{7}) such that

§—0=UT—dU.

The space of biderivations of the form (V) = U¥ — ®U will be denoted
as Der;, (U, ®) and its elements will be called inner biderivations. Then we
have the following isomorphism of A—modules

(2.3) Ext! (¥, ®) = Der (¥, ®)/Der;, (¥, ®).
In the sequel, we will denote an exact sequence by
o: 0—®—7T —V—0,

if it is given by the biderivation §. Notice that every biderivation 0 is
uniquely determined by its value at t. This yields an isomorphism of the
[F,—linear spaces: Der(V¥,®) = Matgyu.(K{7}) given by the assignment
§ + 8. Recall that the F,[t]-module action on Ext!(¥,®) on the level
of biderivations is realized by means of the following formula:

t*(5+4)ﬂmﬁkdﬂ>:zém&—%DmmAW,Q)

In the sequel, to simplify the notation we omit +Der;, (¥, ®) when we con-
sider the class § + Der;,, (¥, ®).

2.4. Anderson t-motives. For an A-field K let K[t, 7| := K{7}|t] be the
polynomial ring over K {7} with the following commutation relations:

tc=ct, ttr =7t, Tc=c1, c€K.

Definition 2.1 (JA86]). A t-motive M is a left K[t,7]-module which is free
and finitely generated as a K{7}-module for which there is an [ € N with

(t—0)(M/TM) = 0.

A morphism of t-motives is a morphism of K[t, 7]-modules.
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With every t-module (®, G¢) over K one uniquely associates a t-motive
in the following way: M (®) = Hom% (G¢, G,) = K{7}is the set of F-linear
morphisms of algebraic groups endowed with the following K|[t, 7]-action
(ct',m) — com o ®(t).

Definition 2.2. A t-motive M is called abelian if M is free and finitely
generated over K[t]. Its rank rk M as a K|[t]-module is called the rank of
M. An abelian t-module is a t-module for which the associated t-motive is

abelian.

The following theorem was proved by G. Anderson [A86| (see also [vH04,
Theorem 2.9|, [BP20]).

Theorem 2.1. The above correspondence between abelian t-motives and

abelian t-modules over K gives an anti-equivalence of categories.

In order to have the category C of motives which is closed with re-
spect to tensor products and sub-quotients, one introduces the notion of
pure t-motives. Set M((})) := M@K ((3)) where K[[1]] is the ring of
power series in the variable 1/t and K'(()) is its field of fractions. M((1))
is naturally a left K[t, 7]-module. If M((7)) contains a finitely generated
K[[1]]-submodule H, which generates M ((1)) over K((1)) and additionally

satisfies

t“H=1t"H

for some u,v € N, then M is called pure of weight w(M) = i((]\z\?) = . The

category of pure t-motives is closed with respect to tensor products and
sub-quotients [AS6],[vHO04, section 3|. In particular A*M is pure for any
pure t-motive M and k € N. Moreover, [vH04, Proposition 3.22 (i)| asserts
that if a pure t-motive sits in an exact sequence

0—>M —M— My —0
of t-motives, then M; and M, are also pure and one has
(2.4) w(My) = w(Msy) = w(M)

We will use this fact in section [8l

2.5. t-comotives. Let L be an extension of F, which is a perfect field. Let
L[t, o] be a polynomial ring with coefficients in L subject to the following

relations:

ct =te, ot=to, oc=c"0, ce L.
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Definition 2.3. A t-comotive N is a left L[t,o]-module that is finitely
generated and free over L{c}, such that there exists [ € N with

(t—0)(N/oN) = 0.
A morphism of t-comotives is a morphism of L[t, o]-modules.

With every t-module (®, G¢) over L one uniquely associates a t-comotive
in the following way:

Let x : L{t} — L{c} be an anti-isomorphism defined as follows: (3 a,7%)* =
Sota; =Y ag_i)ai. Extend this map to * : Mat,x., L{7} — Mat,,xn(L{c})
by defining (B*);; = Bj,.

N(®) = Hom% (G,, G¢) = L{o}? is the set of F,-linear morphisms of
algebraic groups endowed with the following L[t, o]-action

(ct',h) = coho®(t")*, where h & N(®).
The following theorem was proved G. Anderson (see [BP20]).

Theorem 2.2. Quver a perfect field L, the above correspondence between
t-comotives and t-modules gives an equivalence of categories.

Definition 2.4. A t-comotive M is called finite if M is free and finitely
generated over K [t]. A finite t-module is a t-module for which the associated

dual t-motive is finite.

Recently A.Maurischat [M21] has clarified the situation and proved that
a t-module is abelian iff it is finite. We will use his result in section [7l.

3. EXACT CATEGORY STRUCTURE

Recall that an exact category is an additive category A with the fixed
class F of kernel-cokernel pairs (i, d), i.e. they are pairs of composable mor-
phisms such that i is a kernel of d and d is a cokernel of i, (c.f. [Q73]).
We will call a morphism ¢, for which there exists a morphism d, such that
(1,d) € E, an admissible monomorphism. Similarly, a morphism d for which
there exists ¢ such that (i,d) € F, will be called an admissible epimorphism.
We require that E is closed under isomorphisms and satisfies the following

axioms:

(i) For all objects A € OA the identity 14 is an admissible monic,
(ii) For all objects A € OA the identity 14 is an admissible epic,
(iii) The class of admissible monics is closed under composition,
)

(iv) The class of admissible epics is closed under composition,
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(v) The pushout of an admissible monic ¢ : A — B along an arbitrary
morphism f: A — C exists and yields an admissible monic j:

(3.1) A—"~B .
o
C—1-D
(v) The pullback of an admissible epic h : C' — D along an arbitrary
morphism g : B — D exists and yields an admissible epic k:

(3.2) A—to B

ok

C—"~D
Proposition 3.1. The category of t-modules with the set E of admissible
pairs (i,d) coming from the T—exact sequences:

d

(3.3) 0 U—ts v 0

18 an exact category.

Proof. For any object A € A, the exact sequence 0 A4 A 0 0

(resp. 0 0 A4 A 0 ) shows that 14 is an admissible monic

(resp. epic). This proves (i) and (ii).

In order to prove that a composition of two admissible monomorphisms
19 011 where i1 : A>——= B and i3 : B>——= (C is admissible, consider
the following block triangular matrices corresponding to iy (resp. iz): B =

[ 35/1 A 1(4]1 } (resp. C' = [ C(s/QB g } Notice that any extension can be

described by a block lower triangular matrix (in a suitable basis) [GKK24,
proof of Theorem 5.1]
Then consider the extension corresponding to the following matrix:

R C/B| 0 0 5
C=1| 6 |B/A|O where 0y = [ ;a } .
o | 0 A .
From the form of the above matrix we obtain the following extension of
t-modules:
(3.4) 0—= A2 -4 D 0

C/B| 0
doa | B/A
epics we proceed analogously. Let d; : A——= B and dy : B— C' be

where D is given by [ } . For the composition of two admissible
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. . B0 |0
admissible epics. Let A = [5—1‘7] (resp. B = TQ‘T]) correspond to
cCl] 010

dy (resp. ds), then the following matrix:
A = (52 E 0 Where 51 = [ 511, ‘ 51(1 }

61b 51a A

shows that dy o d; is an admissible epimorphism.
Parts (iv) and (v) are the content of [KK24, Theorem 10.1 |. O

4. TRIANGULAR MODULES

In this section we introduce triangular modules and prove their basic
properties.

4.1. T-composition series and T-co-composition series. A concept of
composition series for t-modules was introduced in [GKK24|. According
to this, a t-module is called 7—simple if it is not a middle term in any
nontrivial, short, exact sequence. Then every t-module T is either 7—simple

or there exists a T—composition series of the form:
(4.1) 0=Tg—>T > Ty -7, =T,

where the quotients Y;y;/Y; are 7—simple for [ = 0,1,...,n — 1, see
[GKK24, Theorem 5.1].

Similarly, one can consider 7—co-composition series of the form:
(4.2) O:Y\O«—Tl«—TQ«—---«—?n:T,
where ker (Tl —» Tl,1>, [=n,n—1,...,1 are T—simple t-modules.

Definition 4.1. We say that a t-module T is triangular if it is given by
the 7-composition series (4.1) where the sub-quotients Y;;, /Y, are Drinfeld
modules for [ =0,1,...,n— 1.

Remark 4.2. Let T be a triangular t-module given by the composition se-
ries (4.1). Denote ¢y 1 := Ty /Yy forl =0,1,2,...,n—1. The 7—composition
series (4.1)) implies existence of the following exact sequences:

51: O—>Tl—)Tl+1—)77/)l+1—>0 for l:1,2,...,n—1,

where Y1 = 1 is a Drinfeld module. Then
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(1) the matrix Y; is of the following form:

Yo | 0
7#n—l

(4.3) T,

On—1 5 3] 00
n—2

s o | 0

01 41|

(2) T is determined by the pair (g, é), where

y= (wl,wz,--.,wn) and 0= (51,527"' 75n71)-

Conversely, every pair (g, Q) determines the t-module Y. The fact
that the triangular t-module T is determined by the pair (g, é) will
be denoted in the following way: T = T(g, Q).

(3) Notice that §; is a skew polynomial and appears in the matrix T, in
the same row as 1 and in the same column as 1. So, we can write

01 in the following way:

Using analogous convention we can write

deg 2 N
52X3(7-) Z d2x3,k7'
k=0
52(7—) = [ ] = deg 8o
61X3(T> Z d1x3,k7'k
k=0
and in general
~ _ [ degé; ]
Oixi41(7) > dixig1 k7"
k=0
S1—1x141(7) deg
d;_ T*
(44) 5l(7—) _ ‘ _ ]CZ:() I—1xI+1.k
deg §;
| dixa1(T) > d1><l+1,k7'k
k=0 i
for I =1,2,...,n — 1. Notice that since degrees ;4,41 are usually

not equal, some of the coefficients d;.;41, might be zeros.
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4.2. t-reduded form. We now turn to the problem of determining a re-
duced form for triangular t-modules. In general, such a form will not exist
over the original base field K. It might only exist after a suitable finite
extension of K.

Theorem 4.1. Let T = T(%, é) be a triangular t-module of dimension n
defined over a field K. There exists a finite extension K(Y)/K, such that
Y admits a reduced form Y4 = T(gred,émd) over K(Y) satisfying

deg, 852 < max{rky;, tk;} forall i>j.

iXJ

Proof. Let T be of the form . Denote by r; the rank of the module 1,
and by ay,, its leading term.

Notice that every lower triangular matrix U € Mat,, (K {7‘}) with diag-
onal terms equal to one induces an isomorphism of the t-module T with a
triangular t-module U - T - U~!. Denote the entries in the matrix U as Uixj
in the same way as the biderivations in the t-module T.

Consider an isomorphism U, ; given by the matrix, of which below di-
agonal has only one non-zero entry u;,;. Then

[ 0 e 0 0 0 --- 01
0 e 0 0 0 --- 0
0 0 —UjxjOi—1xi 0 - 0

L O cee 0 —UZX]51XZ O 0 |

where (51(;1:; ) is an inner biderivation in Der;, (t;,1;). This isomorphism

allows one to reduce the biderivation d;,,; by means of the inner biderivation
(57(:121) As a result of this operation, the entries to the left and also below
the biderivation d;,; have been changed. Notice that putting w;.; = p - T+

ixj),

for p € K and k =0,1,2,... we obtain the following form for 57(;;7% :

(51(: T;B = fu(p) - PFrmedrorit 4 terms of smaller degree,

where fi(z) € K|z].
Assume that deg. d;x; = h > max{r;,r;} and that its leading term is
equal to b. Setting k = h — r; and p as the root of the following equation:

fk(l") +b=0

we determine that the degree of the biderivation at the place ¢ x j in the
t-module U;y; - T - U7l is less than h. If, in the field K, the equation

X ]
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fr(x)+b = 0 has no solution then we go to the extension K (u) and proceed
further over this new field.

The reduction algorithm proceeds by increasing distance from the di-
agonal. At the first stage we consider all entries in the first sub-diagonal.
Once these are reduced, we move to the second sub-diagonal, and so forth.
At the m-th step we simultaneously reduce all entries at distance m from
the diagonal, proceeding inductively until all off-diagonal entries have been

reduced.
O

Remark 4.3. The field K(T) arising in the reduced form of a triangular
t-module ® is obtained by adjoining solutions of certain additive equations
of the form

aqu—bx—l—c:o, a,b,ce K,

which naturally occur during the reduction process. Depending on whether
a = 0, or b= 0, or both are nonzero, these equations give rise respectively to
either linear equations, or purely inseparable Frobenius equations 2 = d,
or to additive ¢*-polynomial equations which, after a suitable change of

variabledl] reduce to the classical Artin-Schreier form
y" —y=d.

Thus each extension appearing in K(Y) is a compositum of two fundamen-
tal families of extensions in characteristic p: purely inseparable Frobenius
extensions, and separable Artin—Schreier (or more generally Artin—Schreier—
Witt) extensions. The latter are well understood and have a complete co-
homological classification via Witt vectors (see Neukirch [N99, Chap. IV],
Goss [G96, §12.1], and Hazewinkel [Haz09|; see also Serre [S79, Chap. III,
Ex. 6] for the basic case k = 1). Consequently, although the reduction pro-
cedure may require adjoining to K several solutions of such equations, the
resulting field K(T) always lies within the classically studied framework of
Frobenius and Artin—Schreier—Witt extensions.

For a triangular t-module T we call its reduced form Y™ the reduced
form of T. Let us note that, from the proof of the preceding theorem, one
can easily extract a condition on the degrees of the biderivations which
guarantees that K(T) = K, independently of the nature of the base field
K.

ISuch a change of variables may require passing to a finite extension of K.
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Corollary 4.2. Let T = T(g, Q) be a triangular t-module of dimension n
defined over a field K. If the condition

(45) vi<j degT 5i><j > max{rk wi,l"k ¢j} = 1k 77[)]‘ > rk 1[)2
is satisfied, then K(Y) =K.

Proof. Condition implies that, in the process of constructing the re-
duced form, only inner biderivations are needed in those steps where rk ¢); >
rk ;. In particular, the corresponding equation fi(z) + b = 0 appearing in
the proof of Proposition is linear over K. Consequently, the reduced
form is defined over the original field K. 0

The next definition will be used in Section [l

Definition 4.4. Let T = T(¢),0) be a triangular t-module of dimension
n, and let Y™ = Y ("4, §Y) denote its reduced form. We say that the

triangular t-module T allows for low-degree biderivations (abbreviated as
LD-biderivations) if

(4.6) deg 6°¢ < tkepyy,  forl=1,2,....,n—1.
From the Corollary [£.2] we obtain the following:

Corollary 4.3. Let T = T(3,9) be a triangular t-module of dimension n
defined over a field K, and suppose that

ki, < tkyy < --- < tk),.
Then Y allows for LD-biderivations and K(Y) = K.

Proof. Since T satisfies condition (4.5)), we have K (Y1) = K. Moreover,
deg, 672 < max{rkey, ket =rkey;  fori < j,

iXJ

which proves the claim. Il

It turns out that Corollary admits a natural generalization to the
case of non-strict inequalities, at the expense of a possible extension of the
base field K. In this situation the reduction no longer requires any purely in-
separable Frobenius extensions. Adjoining the relevant Artin—Schreier—Witt
roots is sufficient. Hence, the reduced form arises after a purely separable
base change of the type considered above, as stated in the following corol-

lary.

Corollary 4.4. Let T = T(3,9) be a triangular t-module of dimension n
defined over a field K, and suppose that

rky < tkehy < -0 < tkthy.
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Then Y allows for LD-biderivations, and its reduced form Y™ is defined
over an Artin—-Schreier—Witt extension of K. U

4.3. Strict purity and almost strict purity. Recall that a t-module T
with

s

To= 0T + ) A

i=1
is called strictly pure if the leading matrix A, is invertible (cf. [NP24 Sec-
tion 1.1]), and almost strictly pure if there exists an integer n such that
the leading matrix of the polynomial T;» is invertible. Both strictly pure
and almost strictly pure t-modules play a significant role in the arithmetic
and analytic theory of --modules. Almost strictly pure t-modules arise nat-
urally in the study of periods, quasi-periods, and logarithms [L.24, [NP24],
whereas strictly pure t-modules are precisely the class for which one can con-
struct natural -module structures on extension groups Extl(®, ¥) [KK24,
GKK24]|, and for which duality theorems and Weil-Barsotti type formulas
have been established [T95, [PR03, [KIK26].

From the matrix expression , we therefore obtain the following char-

acterization.

Proposition 4.5. Let T = T(y, é) be a triangular module of dimension n.
Then

(1) Y is almost strictly pure iff
ki =rky = - =1k ),.
(13) Y s strictly pure iff

deg. T =tk =rkty = --- =1k),.

Moreover, Propositions [4.5 and [4.4] imply the following corollary.

Corollary 4.6. Let T = T(v,9) be a triangular, almost strictly pure t-
module, defined over a field K. Then there exists an Artin—-Schreier—Witt
extension K(Y)/K such that T becomes isomorphic over K(Y) to a strictly

pure t-module.

Proof. Since YT admits LD-biderivations, its reduced form Y™ is a strictly

pure t-module. O
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5. MORPHISM BETWEEN TRIANGULAR t-MODULES

In this section we study morphism between triangular t-modules. We
begin with the following observation. Recall that there are no nonzero mor-
phisms between Drinfeld modules of different ranks. In general, determining
when Hom, vanishes in the category of t-modules is a delicate problem.
However, for triangular t-modules we obtain the following generalization of

the aforementioned fact:

Proposition 5.1. Let T = T(%, é) and ¥ = ’T(@,@ be two triangular
t-modules. If k), # rk % for every L, j then

Hom, (T, T) = Hom,(T,T) = 0.

Proof. Applying the functor Hom, (¢, —) consecutively to the sequences g]
for j =1,2,... ,dimf — 1, we obtain that HomT(z/Jl,:f) = 0 for every [ €
{1,2,...,dim Y}. Then we apply the functor Hom,(—, '/f) consecutively to
the sequences 9; for [l = 1,2,...,dim Y —1 and obtain that Hom, (7, Y) =0.
The second equality follows by symmetry. U

5.1. Triangular morphism. Now we focus on morphisms given by trian-
gular matrices. It turns out that they share a lot of analogous properties

with the morphisms of Drinfeld modules.

Definition 5.1. Let U : T — T be a morphism between two triangular

t-modules of the same dimension n. We say that U is a triangular morphism
over K if U € Trian, (K{7}).

For a triangular morphism U : T — T, where dim Y = n, we adopt the

following enumeration of the entries of U.

Un, 0 0 0
Up—1xn Up—1 e O 0
(5.1) U=
Uaxn  Uaxp—1 -+ Uz 0
Uixn Uixn—1 - Uix2 U1

Notice that this enumeration agrees with the convention for triangular
t-modules

The notion of a triangular morphism is important since we have the
following proposition:

Proposition 5.2. Let V : T = T(@D 6) — T = T 1/1 @ be a morphism
defined over K. If 1; o ’g/}], i.e. Y; and @Z)] are non-isogenous, fori # j, then
V' is triangular morphism.
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Proof. Let V = (vix;) € My, n(K{7}) be a matrix, with the usual indexing,
such that
VT, =0,V

Comparing the 1 x n terms of matrices in the above equality, we obtain
Vixn - Q1 = an - V1xn. This means that vy, is an isogeny between ¢; and an
and thus vyy, = 0. Then we consider the 2 xn terms. We obtain the equality
Vaxn®1 = En_lxn-leﬁ(gn_l “Vgxp. This in turn yields vay,, = 0. Continuing,
we see that v;x, = 0 for i = 1,...,n — 1 and v,, is an isogeny between
¢, and ggl. Then we compare the 1 X (n — 1) terms and get Vix(n-1) = 0
etc. So, going down (from the first to the diagonal term ) in consecutive
columns starting from the last we inductively obtain that v;y; = 0 for j >
and v;y; is an isogeny between ¢, ;.1 and éﬁ\n,iﬂ for i =n,...,1. The fact
that v;x,; is an isogeny is true for general triangular morphisms (cf. Prop.

P4 (1) )- 0

Corollary 5.3. Let T = T(g, 0) be a triangular t-module such that ; 5 1,
for i # j. Then the endomorphism algebra End,(Y) consists of triangular

morphisms. Il
We have the following proposition:

Proposition 5.4. Let U : T = T(g, é) — Y = ?(@,@ be a triangular
morphism defined over K of the form (5.1)). Then
(1) The maps u; : v; —> z/ﬁ\z fori=1,2,...,n are morphisms of Drinfeld
modules.
(13) For the morphism U, the following conditions hold true

i1
gszui — Uj0jx; + Z <gj><kuk><i - ijkékxz) € Dery, (¢i, "ZP\])
k=j+1
for every j < 1.
Moreover, U is determined uniquely by the family {ul DY — 1@-}?:1
of morphisms of Drinfeld modules.
(iii) If chars K = 0 then & : Hom, (T, ) — Trian,(K) is a monomor-

phism of F,—wvector spaces.
Proof. Comparing the diagonal entries in equation UY = TU , we obtain
uY; = &uz foreach 7=mn,...,2,1.

Thus u; are morphisms of Drinfeld modules, which proves (7).
For the proof of (i7) we again use the equality UY = TU. This time we
compare the off diagonal terms at places j x ¢ where 7 < 7. We count the
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rows starting from the bottom, and the columns going from right to left.
Then for 7 < ¢ we obtain the following equalities:
i—1 R i-1 R
Ujnii + Z UjsckOkxi + Uj0jxi = Ojxill; + Z 0jxkUkxi + Vjljxi-
k=j+1 k=j+1

from which we get

i1
(5.2) Ojxilli — UjOjx; + Z <6j><kuk><i - ijk5kxi) =
k=j+1

= Ujxil; — &jujxi € Dery, (%ﬂgg)

Now, we use equation for the following pairs (i — 1,7) where i =
n,n —1,...,2, in order to obtain the terms in the first sub-diagonal of U.
For example, from the condition gn,lxnun — Up_10n_1xn € Dery, (wn, ?Zn,l),
we see that there exists a unique u,_1x, such that

5n71><nun - unfl(snflxn = unflxnwn - wnflunflxn-
Thus, the proof of (ii) is completed by induction on terms on consecutive
sub-diagonals.

The fact that 0 is a linear map follows immediately from the definition.

It remains to be shown that ¢ is a monomorphism. Let U € ker 0. Then

ou, 0 cee 0 0
OUp_1xn OUp_q -~ 0 0
(5.3) U = : : R 1| =0,
OUoxpn  OUgxpn_1 -+ Ousg 0
Mixn  OUixp—1 -+ Ouixa Ouy

Since du; = 0 and wu; is a morphism of Drinfeld modules, u; = 0 for i =
n,...,2,1. This shows that all entries on the diagonal of U are zero. Now
consider the equality (5.2 for the pair (j,7) = (I — 1,1). We have

5l—1xlul - Ul—15z—1xl = Ul—lxlwl - 2/fl—1ul—1xl,

where the left-hand side vanishes, since u; and wu;_; are zero maps. This
shows that wu;_1y; is a morphism of Drinfeld modules for which du;_1y; = 0.
Therefore, u;_14; = 0. So, all entries at the sub-diagonal (I — 1,1) are zero.
Consider the equality for the pairs (j,4) = (I — 2,1). Then we have

51—2xluz—ul—25l—2xl+ (51—2xz—1uz—1xl—Ul—1x15l—1xz> = Uz—le¢l—¢l—2uz—2xl-

Notice again that the left-hand side is zero. Therefore, u;_oy; is a morphism
of Drinfeld modules for which du;_sy; = 0. By finite induction we obtain

U=0. U
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Recall that the space Hom, (T, T) is an F,[t]—module with the multipli-
cation by a € IF[t] defined as

axU :=U-7,.

Analogously, we can define an F,[t|—module structure on Trian,(K). Then
0 is a morphism of F,[t|]—modules.

5.2. Triangular isogenies. Recall also that a surjective morphism of t-
modules with a finite kernel is called an isogeny, see [H19, Definition 5.1.|.

The following proposition gives a characterization of triangular isogenies.

Proposition 5.5. Let U : T = T(g,é) — T = T(@,@ be a triangular
morphism defined over K*P, of the form (5.1) . Then U is an isogeny iff
u; :; — P; are isogenies of Drinfeld modules for alli=1,2,...,n.

Proof. Let U be an isogeny. If for some i we have u; = 0, then one readily
sees that the kernel of U cannot be finite since for a standard unit vector
e;, i.e. (e;); = &;;, the subspace X = K*Pe; C ker U and K* is infinite.
Conversely, let U be a triangular morphism of the form such that
u; Y, —> @/D\Z is an isogeny for every 1.
First, we will show that U has finite kernel. Assume = = (2,2, 1, ...,
29,11)1 € ker U. The equation Uz = 0 yields the following system of equa-

tions:

UpZy =0

Un—1xnTn + Up-1Tp-1 = 0

n
E Ui +urry = 0.
i=2

From the first equation, we see that x,, is a root of the nonzero polynomial
Uy. S0, there are only a finite number of possible values for z,. For fixed
T, the second equation has finitely many solutions x,_;. By induction it
follows that ker U is finite.
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Now, we will show that U is surjective. Let y = (ypn, ..., %2, 51)7 € K",
The system Uz = y gives the following system of n equations:

UnTrn = Yn

Up—1xnTn + Un—1Tp—1 = Yn—1

n
E UrxiTi + U111 = Y1,
i=2

which again can be solved starting from the first equation then passing to
the second etc. This shows that U is surjective with a finite kernel, i.e. an
isogeny.

O

A triangular morphism, which is an isogeny will be called a triangular
isogeny.

For a Drinfeld module ¢ let H () be its height (see [P23, Lemma 3.2.11].

Then from [P23], Proposition 3.3.4] we obtain the following corollary.

Corollary 5.6. IfU : T = T(g, é) — T = T(@,@ 1s a triangular isogeny
then H(1b;) = H(ib;) for all i. O

According to [H19, Corollary 5.15.] for every isogeny of t-modules there
exists a dual isogeny satisfying:

(5.4) UoUY=T, and UYoU=T,, forsome a€F,t.

So, we obtain the following corollary:

Corollary 5.7. For every triangular isogeny there exists a dual isogeny

which 1s triangular. U

5.3. Endomorphism algebra of triangular morphisms. Recall that
in characteristic zero the endomorphism algebra of a Drinfeld module is
commutative. An analogous result holds true for triangular t-modules with
non-isogenous sub-quotients.

Proposition 5.8. Let charyK = 0 and T = T(%,é) be a triangular t-
module of dimension n with pairwise non-isogenous sub-quotients i.e. \; o

Y, fori # j. Then the endomorphism algebra End,(Y) is commutative.

Proof. By Corollary[5.3] End, () consists of triangular endomorphisms. So,
consider two triangular morphisms W, V' € End,(T). Then the commutator

WV — VW is again a triangular endomorphism of the triangular t-module
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T. Denote it by U, and its entries according to . Since u; fori =1,...,n
is a commutator of endomorphisms of the Drinfeld module 1);, we get u; = 0
for i = 1,...,n. Similarly as in the proof of Proposition [5.4] putting in the
equality i=1and j =1[—1, we obtain that u;_1yx; € Hom,(¢y,¢;_1) =
0. Therefore u;_1+; = 0 for all [. Substituting « = [ and j = [—2 into equality
, we obtain that u;x;_o € Hom, (¢, 1;,_2) = 0. By a finite induction we
obtain that U = 0.

O

Proposition 5.9. Let charyK = 0 and T = T(g,é) be defined over K
such that tk; # rtk; fori # 5. Then

(i) For each Uy € Trian, (Ksep), one can effectively decide whether there
exists U € Endgsen (T) with OU = Uy, and, if so, find it.
(it) If U € Endgser () has OU € Trian, (K), then U € Endg/(T).

For Drinfeld modules, a corresponding result was proved by Kuhn and
Pink in [KP22), Proposition 5.3]. Before we give the proof of Proposition [5.9]
we need the following lemma:

Lemma 5.10. Let

(5.5) Y- e(1) = (1) - ¢ = w(7)

be an equation, where v, ¢ are fixed Drinfeld modules defined over L D K

of characteristic zero and w(T) is a fixed skew polynomial defined over L.
Then

(i) if Ow(T) # 0, then the equation has no solution.

(i1) If Ow(T) = 0, then every solution c(T) of the equation fulfills
the following conditions:
(1) deg, ¢(7) > deg, w(7) — max{rk ¢, rk ¢}
(2) (1) is uniquely determined by Oc(T), i.e. if c(T) = i e, then

¢i = filco) for some skew polynomials f;(T) € L{T}Z_t;)mt depend
on Y, ¢ and w(T).
(3) co is a root of the system of exactly max{rk ¢, vk ¢} polynomials
that depend on ¢, 1, w(t) and deg, (7).
(4) additionally, if rk ¢ # rk ¢ then deg, (1) = deg, w(7)—max{rk ¢, rk ¢}.

Proof. Let ¢ = 0+ > ay7, ¢ = 0+ > 37" and w(7) = > w;r". Denote
i=1 i=1 i=0
M = max{n,m} and consider a solution of the following form: ¢(7) =
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S~ ;7% Then the equality ((5.5)) can be rewritten as follows:
i=0

T k—1
> (<9 —00)ei 43 (el - cz-ﬁ,i“J) Tk+

k=1 i=ip,

r+M k—1 ‘ ' w
+ ) (Z (akﬂ-cgk*” - c@ﬂ,@J)T’“ =Y wr”,
k=0

k=r+1 \ i=ij
where ¢, = max{0,k — M }. We put a; =0 for j > m and 5, =0 for [ > n.

Comparing the coefficients at the least power we obtain (7). Compari-
son of the degrees yields a contradiction if » < w — M, which proves (1).

Comparing the coefficients at 7% for k = 1,2,...,7 we obtain that
1 k—1 "
- - . a0 (ki) k _
Cr = G Z (Czﬁk_i Qg—iC; ) + D) for k=1,2,...,r

i=i,
where we put w, = 0 for * > w. This allows one to determine consecutively
1, C2, ..., ¢ as polynomial functions of ¢q. This proves (2).
Comparing the coefficients at 7% for k = r +1,7+2,...7 + M we obtain
the following equalities:
k—1

Z(ak_icgk_n—cﬁ,@i):wk for k=r+1,r+2,...,7r+ M.

—

Substituting ¢; = fi(cy) we have

k—1
gr(co) :== wk—z (ak_ifi(k_z)(co)—fi(co)ﬁ,@J =0 for k=r+1,...,7+M.

i=iy,
Therefore ¢y is a root of the system of polynomials g1, gr+2, ..., groar. This
shows (3).

For the proof of (4) assume that m > n. (The case n < m is proved
analogously.) Then the equation can be rewritten in the following
form:

Uy e(T) —w(r) = (1) - ¢y
If r > w— M then comparison of the degrees in the above equation implies

that r = w — M. O

Proof of the Proposition [5.9. Assume we have a matrix Uy € Trian,, (K SEP).
We would like to decide whether there exists a matrix U of the form (5.1)
such that OU = U,. By |[KP22 Proposition 5.3] we can effectively decide
whether there exist morphisms w; € End(¢);), i = 1,...,n such that Ou; =
Up(i,7). The diagonal term of Up, and if so then effectively find them. If
such morphisms exist then we apply consecutively Lemma [5.10] First, to
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the pairs (i, 7) of the form (I,1—1),l=n,...,2. Then (I,l—2),l=mn,...,3
etc. We finish the finite induction once we reach the pair (n,1). Notice that
the above quoted nontrivial result of N. Kuhn and R. Pink was needed to
have control over the 7-degree of the right-hand side of the equation ([5.5)
at the initial step of induction, and point (4) of Lemma was essential
for providing upper bounds for the degrees of the right-hand side of

at every step of induction. O

Remark 5.1. Notice that in the proof of Proposition [5.9] the assumption
concerning different ranks of subquotients v; was necessary for bounding
the degree of ¢(7) in every inductive step . It would be nice to have a bound
for degree of ¢(7) in arbitrary situations, see Lemma point (3).

6. EXPONENT FOR AN EXACT SEQUENCE

In this section we consider analytical properties of triangular t-modules.
We start with the following lemma.

Lemma 6.1. Let Y € Mat,,«,,(K) be an arbitrary matriz and M € Mat,,(K),
N € Mat,,(K) be lower triangular matrices. Then there ezists a unique ma-
triz C' € Mat, s, (K) which fulfills the following equation

(6.1) C+CM+NC =Y.

Proof. We determine the entries of the matrix C' row by row, starting from
the top row and proceeding downward. Within each row, the entries are
computed from right to left. O

From this point until the end of this section we work over the field
K = C. The following theorem describes the behavior of the exponential
function associated with the middle term of a short exact sequence. Let us

note that this fact, in the case where 06 = 0, was already established in
[PRO3].

Theorem 6.2. Let 0 — & — T — ¥ — 0 be an exact sequence
of t-modules given by the biderivation 6. Then there exists the following

commutative diagram of F,[t|—modules with exact rows:

0
NI
(6.2) 0 o T U 0
= - I
0 <I>Kd TKd+e \IIKe 07

A

1
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where Expg, resp. Expy, are exponents for ®, resp. W. The exponent of T
has the following form:

Expy(7) ‘ 0
Exps(7) | Expy(7), |’

where Expg(7) is uniquely determined by the following equation:

(6.3) Expy(7) =

(6.4) Exp; (00,7°) — ®,Exps(7) = §Expy(7) — Expg (06,7°).

Proof. Notice that if we show that Exp~(7) is of the form (6.3)), then com-
mutativity of the diagram (6.2)) is obvious.

Since Expy(7) = I7°+Y" C;7* fulfills the following equation: Expy(97,7°) =
i>1
T, Exp~(7) we obtain the following equality of the formal power series:

> (cor? —arc;) —ZUT—I—ZUl it

i>1 i>1

+ Z UQCZ 7-l+2 4+ Z UsCl'(S)Ti+S

i>1 i>1

S
where T; = Y, 7% + >_ U;%. Comparing coefficients at 7%, we obtain
i=1

k—1
(6.5) CLoT — 0Tl = Up + Y UiCLY, for k<s
=1
(6.6) CroT — 01,0 =Y UCY, for k> s
finite ) finite )
Let ®; = (01 + Ng)7° + > Ai7?, Uy = (0 + Ng)7° + > Bt and 6; =

i=1 i=1
finite

> D;7". Without loss of generality we can assume that Ng and Ny are
i=0

lower triangular matrices. Then

w0 ] [6I+Ny
Tt_{atqft]—[ Dy 9[+Nq>] +Z{D A}

. 1 G| Oy | i :
Putting C; = [ Cui 1O ] in the equalities (6.5) and , we obtain

Cy; =0fori>1. Iﬁdeed, comparing the blocks in the upper right corners

we obtain the following relation:
Con (097 + NGY) = (61 + Ny ) Cay =0,
which can be rewritten in the following form:

(9<1> _ 9) Ot + Coa N — Ny Gy = 0.
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Dividing both sides by ) — 6, we obtain (6.1)), which by lemma, has
the unique solution Cy; = 0. Assume that the subsequent matrices Cy;
for i = 1,2,---k — 1 are zero matrices. We will show the k-th matrix is
zero. Since the arguments for both & < s and k > s are analogous, we will
consider only the first case. In the formula all block matrices U; and
C’,@Z are lower triangular. Therefore the matrix C’kﬁTgk) — 0Y,C,, is also
block lower triangular. Thus, we have the following equality

Core (091 + NE) = (01 + Ny ) o =0,

which by lemma [6.1] has the only solution Cy = 0.
We obtained the following formula:

o 0 ITO—FZCLZ‘Ti‘ 0

_ 0 1,0 i_ i>1 ‘
Bxpr = 171+ [Jﬁc -~ } o ghe [regas
(24 i>1 i1

Substituting this into equality Expy(9T;7%) = T;Exp~(7) and comparing

the block matrices on the diagonal, we obtain the following two conditions:

(- Gour)onet —u e+ i)
i>1 i>1

(1 + 3 oot =17+ T 1)
i>1 i>1

The first implies that I7° + > C} ;7" = ey(7), whereas the second implies

i>1
that I + > Cy;7" = Expg(7). Finally, comparing the matrices in the
i>1
lower left corner and denoting Exps(7) = Y C5,;7" we obtain the following
i>1
equation

Exp; (09,") + Expy (967°) = 6Expy (1) + ©:Expy (7).

which is equivalent to .

To finish the proof one has to show that the equality determines
Exp;s(7) uniquely.

In order to do this, notice that the right-hand side of the aforemen-

tioned equality is of the following form: Y Y;7% for certain matrices Y;.
i>1
Then putting Expg(7) = Y. E;7* and comparing the coefficients at 7% we
i>1
obtain the following equalities

(k) = :
E, (01 i N@> _ (91 n Nq,> Er=Yi+ Y ABY,
=1
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where m = min{k — 1, deg ®,}. Assuming inductively that the matrices Fj,

Es, ..., Ex_1 have already been determined, one can find Ej by transforming
the above equality to the form (6.1) and applying lemma . U

As a consequence of this theorem, we obtain the following interesting

fact about uniformizable t-modules.

Corollary 6.3. The class of uniformizable t-modules is closed with respect

to extensions and images.

Proof. Applying the snake lemma to the diagram (6.2) we obtain the fol-

lowing exact sequence:

(6.7) 0 — ker Expgy — ker Expy — ker Expy, —

— coker Expg — coker Expy — coker Expy, — 0,

from which the corollary follows immediately. O

Moreover, in the case of uniformizable t-modules we obtain the following
description of the lattice corresponding to the middle t-module in the short

exact sequence.

Corollary 6.4. If in a short exact sequence 0 — & — T — ¥ — 0,
a t-module ® is uniformizable, then the lattice Ay as an F,[t]—module is

isomorphic to the product of lattices Ap X Ag.

Proof. From ([6.7)) we obtain the following short exact sequence:
0 — ker Expg, — ker Expy — ker Expgy — 0.

Since ker Expy = Ay is a projective F,[t] —module this sequence splits. Thus,
Ay =ker T = ker Expg X ker Expy = Agp X Ay, as F,[t|—modules. O

Next, we may extend the last two corollaries by induction to 7-composition

series of t-modules.

Corollary 6.5. Let
TH—>YTyg—--—=>7T,=T,

be a T—composition series where the quotients V; = Y, 11/Y; are uniformiz-
able t-modules for i =0,1,...,n— 1. Then

(1) Y is a uniformizable t-module.
(i1) Ay =], Aw, as F,[t]—modules.

Proof. Consider the following exact sequences:

n; - O—>Tz—>T1+1—>\I/1—>O
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for i+ = 1,2,...,n — 1. Applying the last two corollaries successively to
sequences 7y, 72, ..., Jp—1 We obtain the assertion. Ul
Corollary 6.6. Fvery triangular t-module is uniformizable. U

Corollary 6.7. Triangular t-module Y = T(g, é) has rank r =) k.

Proof. Let r; =tk and A\ y,, k; = 1,...,1ke); be the (0¢;)(A) generators
of Ay,. Applying an easy induction using Corollary one sees that the
(OT)(A)-basis of Ay is given by

T T
[)\7%17 Oén,l,27 e 704n,1,n} Yoy [)\n,rna Oén’rmg, P 705n,7‘n,n} y
T T
[07 An—11,On-113 - - - 7an71,1,n} e [07 -0, )\1,k1}
for some a4, € Cs. The corollary follows. O

7. FINITENESS AND PURITY

In this section, we will show that triangular modules are finite and pure.
As a consequence, we will obtain conclusions concerning Taelman’s conjec-

ture.

7.1. Proofs of finiteness and purity. In this section, we prove that tri-
angular modules are finite. In order to do this, we will use the results of
A. Maurischat [M21]. The citerion for finiteness developed there uses the
Smith normal form of a matrix over a suitable skew field. We start with a
general setting. It is well-known that any matrix M € Mat,,y,, (K[x]), over
a polynomial ring K|z], where K is a field, can be reduced by means of
elementary operations to the diagonal form, i.e. an equivalent matrix /™4
has the property Mi‘;?d =d;, i=1,...,min(m,n) and M;?d = 0 other-
wise. The elementary divisors d;(z) are monic polynomials, satisfying the
following divisibility property di|ds| . .. |dmin(mmn)-

By elementary operations, we mean operations of the following types:

(i) the interchange of two rows or two columns

(ii) changing the sign of a row or a column,

(iii) addition of a polynomial multiple of one row/column to a different

row /column.

The algorithm for reducing a matrix M to its Smith normal form is a con-
sequence of the Euclidean algorithm.

Now, consider the twisted polynomial ring K {7}, i.e. a polynomial ring
in the variable 7 over a field K with the commutativity relation 7-a = a4-7.
Assume K is perfect. Let K{{o}} = {>i0p0’, o € K}, whereo =771,
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be the ring of power series in o with the coefficients in K. Then we have
o-a=a"".-g, o€ K and the ring of the Laurent series:

(7.1) K({o}) = {Zaiaa o € K}
=10
is a skew field. The ring K{7} can be naturally embedded in K{c} by the

formula:

(7.2) z”: T — Zn: o
i=0 =0

Notice that in the polynomial ring K ({c})[t] there exist both a left and
right division algorithm. Therefore, any matrix M € Mat, (K ({o})[t])
can be reduced via elementary operations to the Smith normal form, i.e. to
the diagonal matrix with Aj|As...|\s. Here \; divides \;y; from both left
and right sides.

Let T be a t-module of dimension d and let Y, € Matyyqa(K{7}) be
the matrix corresponding to the multiplication by ¢. Then we can consider
T, as a matrix in Matgxq(K ({o})) via the embedding (7.2)). Let );, where
1 = 1,...,d be the invariant factors of Y, obtained by diagonalizing the
matrix t/; — T,. We also have a definition analogous to the commutative

case .

Definition 7.1. A Newton polygon of a polynomial p(t) = Y"1 ja;it' €
K ({c})[t] is the lower convex hull of the set of points P; = (i, 0rd,(a;)), =

0,...,n.

In the non-commutative case, the invariant factors \; are not unique but
the orders in ¢ of their coefficients are unique once we assume that \;’s are
monic. This can be achieved as a consequence of the following theorem (cf.
[C95, p.380)).

Theorem 7.1. [M21, Theorem 3.6] Let £ be a complete discretely valued
skew field. Given a left L[t]-module M, which is finitely generated as L-
vector space of dimension d, there exist monic polynomials A\, Xo, ..., A\g €
L[t]\ {0} such that \;y1 is both left-divisible and right-divisible by \; for all
1=1,...,d—1, and

M 2 L[/MLL & - @ L] ALl
as L[t]-modules.

Additionally, one has the following result:
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Theorem 7.2. [M21l Theorem 3.8| Let L be as in the previous theorem.
Given a left L[t]-module M, which is finitely generated as L-vector space of
dimension d, there exist monic polynomials f1,...,fr € L]\ L, k < d
such that the Newton polygon of each f; consists of one edge, and

M LU/ [Ll - © L) fuLll
as L[t]-modules.

In this setting, A. Maurischat proved the following remarkable results:

Theorem 7.3. [M21, Theorem 6.6] For the t-module (E,Y;) with Y; being
represented by the matriz D the following are equivalent

(1) E is abelian

(2) E is finite

(8) the Newton polygon of the last invariant factor g of the matriz D

has positive slopes only.

Theorem 7.4. [M21, Theorem 7.2| Let (E,Y) be an abelian t-module of
dimension d and D € Matxq(K{7T}) the matrixz representing Y with respect
to a fized coordinate system. Let M be the t-motive of E. The t-motive is
pure if and only if the Newton polygon of the last invariant factor \q of D
has exactly one edge.

In this case, the weight of M equals the reciprocal of the slope of the edge.

Now we are ready to prove the following

Theorem 7.5. Let T = T(g, é) be a triangular t-module of dimension n.
Then
(i) Y is finite and, therefore, also abelian,

(i1) Y is pure if and only if rkyy = --- =1k,

Proof. Consider the matrix C' = tI,, — Ty embedded in Mat,,x,,(K({o})[t]).

Assume it has the following form:

(t —Yno) 0 e 0 0
gn—lxn (t - ¢n—1,0) o 0 0
(7.3)  C= : : : :
€2><n £2><an T (t - %,0) 0
flxn flxn—l T £1><2 (t - ¢1,o)
where &;y; = —0;x;. Consider the first column of C. If &, = 0, for all
k=n—1,...,1 we proceed to the next column. Otherwise, let k; be the

greatest k such that &y, # 0. Interchange the rows r; <> 7,_,+1. Perform
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the following elementary operations on rows: 7,11 — (t — ¥no)é;, lxnrl
and r; — §n_j+1m§,;lxnr1 for j =n — k; +1,...n. This ensures that in the
first column the only non-zero entry is C ;. Perform further the following
elementary row operations 7; + &,_1,; 7:—1171«17”2‘ forj=n—k +1,...,n and
i = 2,...n—k;. This ensures that all the entries C; ; below the diagonal for
j =2,...k — 1 are constant polynomials in K({c})[t]. If k&; > 1 perform
the following column operations: cx, — §n,j+1xk1§k’11’ncj for j=k;1 +1,...,n.
It is now clear that by using obvious elementary column operations we get
Cy; = 0 for ¢ > 1, and then multiplying the first column by C; 1 we can
ensure C ; = 1. Notice that notation is being slightly abused because after
each elementary operation we denoted the resulting matrix again by C.
After these reductions it has the following form:

1 if 1=1,
(7'4) Ci,i = (t - wn,a)gk_llxn(t - ¢k1,0) if i=n—k+1,
(t — wn—i+1,o) if 1 7& 1 and 7 7é k‘l
and
o 0 for j7>4¢ or i=1,
j — . .
(&1)kxn—j+1 € K({o}) for j=2,...n—1, k=j+1,...n

Now, we repeat the same procedure as previously for the columns j =
2,...,n—1 to ensure that the resulting matrix C'is in diagonal form. Thus
C = diag|[dy(t),...,d,(t)] where d;(t) is either 1 or is a product of linear
factors and constants, i.e. d;(t) = (t — %g,a)ﬁz‘,l(t — ¢S§7U)ﬁi’2 oo Big—a(t —
%;‘%,o) where the disjoint union J[{si,... s } is a partition of the set
{1,...,n}. This is not a Smith normal form, since the divisibility prop-
erty di(t)|...|d,(t) is not yet guaranteed. For this, we need the following

lemma

Lemma 7.6. Let A € Matoyo(K({c})[t]) be a matriz of the form
_ | m) 0
A= { 0 paft) }

where pi(t) and py(t) are non-zero polynomials. Then A can be reduced to

the Smith normal form by means of at most five elementary operations.

Proof of Lemma If p1(t)|p2(t) then there is nothing to prove. The
left division algorithm yields polynomials a(t) and b(t) such that the great-
est (left) common divisor of p;(t) and py(t) can be expressed as d(t) =
p1(t)a(t) + pa(t)b(t). We apply the following sequence of elementary op-
erations: ¢y + cra(t), r1 + rob(t)(t), c1 — ca(pr(t)/d(t) — 1), co — ¢y, 79 +
r1(p2(t)/d(t))(p1(t)/d(t) — 1), where since K ({c}) is a skew field p;(t)/d(t)
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(resp. po(t)/d(t)) is a polynomial such that d(t)(pi(t)/d(t)) = pi(t) (resp.
d(t)(pa2(t)/d(t)) = pa(t)). In this way, we obtain the following reduced ma-
trix in Smith normal form:
| d@) 0
(79) A=107 m (/)
O

Notice that by interchanging rows, and then corresponding columns,
we can change the order of diagonal terms in C' = diag[d;(¢),...,d,(t)].
So place all the constants (equal to 1) at the beginning of the sequence
dy,...d,. Let k be a minimal index such that dj is not a constant polyno-
mial. Applying Lemma to the blocs diag[di(t),d;(t)], j =k+1,...,n,
(embedded in C in an obvious way) we see that we can replace di(t) by
di(t) = ged(dy(t), ..., dn(t)) and d;(t) by d;(t), 7 = k +1,...,n such
that Jk(t)\cij(t) for every j = k + 1,...,n. Now, we repeat this process
for k+1,k+2,...,n— 1. As a result we obtain the Smith normal form of
Cie. C =diag[Ai(t),..., A\ (t)] with Aq]...|\,. Without loss of generality
we may assume that \,(¢) is monic and therefore

n

WORS | (=

i=1
Now we will determine the Newton polygon of A,(¢). Notice that for a
Drinfeld module ¢ we have ord,(¢)) = —rk. Notice that the coefficients
a;(t) of A\y(t) = t" + ay_1(0)t" ! + a1 (o)t + ap(o) are of the following form:

(7.6) a; = (—1)""s;(Y1, ... b)) i=0,...,n—1,

where s;(z1,...,1,) = Zl§k1<m<ki§n x]fl . o. - xF is the i-th elementary
symmetric polynomial. We may assume that the ranks r; := rka); fulfill
the following inequalities: 71 < 79 < .-+ < 7r,. Then the vertices of the

Newton polygon of A\, (t) have the following coordinates: P, = (i, ord, ai) =
(i,—>p=ir) fori=0,....,n — 1 and P, = (n,0).

Part (i) now follows easily from Theorem [7.3|and part (ii) from Theorem
T4l O

Remark 7.1. Recently, A. Maurischat developed an algorithm [M25] for
finding ¢-bases for both t-motives and t-comotives corresponding to finite
t-modules. Theorem (i) shows that his algorithm is applicable for tri-
angular t-modules. Determining the t-bases of motives and comotives is
necessary for effectively finding a rigid analytic trivialization once we know
the period lattice of a t-module [NP24, section 4| (see also [HJ20), section

2]).
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7.2. Taelman’s conjecture. Let K = F,(f) and let F' be a finite extension
of K. Let O be an integral closure of A in F' and F,, = F Qg K.
Consider a t-module T over Op, i.e. an [F -algebra homomorphism T :
A — Matgyq(Op){7} such that for every T, = dv(a) + > 1, To.7" one has
(Or(a) —aly)® = 0.

Set Wy (Fy) := Lie(Y)(Fx)/(0r(0) — 614)Lie(T)(Fy) and let

w : Lie(T)(Fa) — Wy (Fy)

be the projection. In [An20] the authors consider the following form of
Taelman’s conjecture (cf. [Ta09]).

Conjecture 7.2. (Taelman’s conjecture [An20]) With the above notation,
suppose that T is finite and uniformizable. Then there exist an element a €
A\{0} and a sub-A-module Z C Lie(Y)(F) of rank r := dimg_ Wr(Fi)
such that

1) expy(Z) C Lie(T)(Op)

2) Nyw(Z) = a- L(Y/OF) - NyWr(Or)

Remark 7.3. In the above conjecture

1 [Lie(0)(Op/p)]a
Lr/0r) =11, 76,0,

where p runs through the set of maximal ideals of Op and the right-hand

side converges in K, (cf. [Fald).

Since triangular t-modules are finite and uniformizable, it is natural to
ask whether the Taelman’s conjecture holds for them. J. Fang [Fal5| proved
that Conjecture holds for t-modules with no nilpotence. Thus, we have
the following:

Corollary 7.7. Let T = T(g, é) be a triangular t-module defined over O
with no nilpotence, i.e. none of d; j appearing in  has a constant term. Then

Conjecture holds true.

By [An20, Theorem C| we also have the following:
Corollary 7.8. Let T = T(y, é) be a triangular t-module defined over Op,
and let C' be the Carlitz module. Then Conjecture holds for T ® C/Op.

8. WEIL-BARSOTTI FORMULA

In this section, we study the notion of duality for triangular t-modules.
We introduce the concept of a dual biderivation and show its [Fy-linearity.
We also establish an analogue of the classical Weil-Barsotti formula for

triangular t-modules.



35

8.1. Dual modules for triangular t-modules. Let ® and ¥ be t-modules.
Consider a biderivation € Der(®, ¥). We say that ¢ has no constant term if

06 = 0. The space of all biderivations without constant term will be denoted

as Dero(®, V). By Der;, o(®, V) we denote the space of inner biderivations

with no constant term. An important example of an F,[t|]—module is

(8.1) Exto(®, ¥) := Der(®, ¥)/Der;, o(P, V)
for which there exists the following exact sequence of Fj[t|]—modules
0 — Exto(®, ¥) — Ext.(®, ¥) — Ext' (Lie(E), Lie(F)),

see [PRO3| Corollary 2.3].
Let C be the Carlitz module, i.e. C; = 8+ 7. For a t-module ®, we define
its dual module ®V, in the following manner:

(8.2) PV 1= Exto(®, ).

A dual module to a t-module is an F,[t] —module, but it does not necessarily
have a structure of a t-module, see [KK26, Example 4.1]. We are interested
in the cases where ®V is a t-module. This is a case where ® is a Drinfeld
module of at least rank two [PRO3, Theorem 1.1|, or is a product of such
Drinfeld modules [KK24, Corollary 6.2], or is a strictly pure t-module of
rank at least two |[KK24, Theorem 8.4]. We will show that an analogous
assertion for triangular t-modules holds true .
We start with the following:

Lemma 8.1. Let ¢ be a Drinfeld module. Then 1" is a 7—simple module.

Proof. Let ¢ = 0+ Y a;7". Recall that 1" has the following form:

=1
) L
600 - 0 —Dry 72
Qp CL7(«1)
T 0 0 0 —%T
Ay
as
(8.3) w\/: O T 9 AR 0 _a/_TT
000 --. g =2
ar
000 - 7+ @2t
L a"f .

Notice that ¢V = /\Tﬁlw. Assume that " is not 7-simple. Thus there exists

a nontrivial exact sequence of t-motives:

r—1
O—>M1—>/\ My — My — 0
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where tk My, vk My < tk \""'M,, and d(M,),d(My) < d(N\~'My). But
by [T95, Theorem 5.1] w(¢¥) = (r — 1)/r. Since ged(r,r — 1) = 1 for
r =rkey > 2, (2.4) yields a contradiction. Thus " is 7-simple. O

Notice that the concept of duality is consistent with the 7—composition

series.

Theorem 8.2. Let T = T(g, Q) be a triangular t-module with no nilpotence
such that vk; > 1 fori=1,... n.
Then

(i) dual TV is a t-module given by the T—co-composition series of the

following form:
Ty Ty o T =T,
(i1) there exists the following exact sequence of t-modules
0— T — Ext}(Y,C) — G — 0

(i1i) Every map f: T — T of t-modules that satisfy the assumptions of
this theorem induces a map f* : TV — TV,

Proof. Consider the following exact sequences:
(5[2 0—>TZ—>TH—1—>¢1+1—>0

for l = 1,2,...,n — 1, where T; = 1)1 is a Drinfeld module. Notice that
from Proposition it follows that Hom.(Y;,C) vanishes for every [ =
1,2,...n— 1.

Applying the functor Hom,(—, C) to the sequence §; we obtain the fol-
lowing exact sequence of F,[t]-modules:

0 — Extl (¢, C) — Ext}(Yy, C) — Extl(¢yy,C) — 0.
From |[GKK24, Lamma 3.2], it follows that this sequence is also a sequence
of t-modules. The existence of the exact sequences of t-modules (see [PR03,

Theorem 1.1])

0 — ) — Extl(¢y,C) — G, — 0 for [=1,2
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implies that there exists the following commutative diagram of t-modules

with exact rows:

0 — Extl (19, O) — Ext}(Ty, C) — Extl (11, C) —=0

0 G, G, x G, G, 0

0 0 0

Therefore, we obtain the following exact sequence:

0 — Ty — Ext}(Yy,C) — G2 — 0.

Repeating this reasoning for the exact sequences ¢; forl =2,3,...,n—1 we

obtain the fact that there are the following exact sequences of t-modules:
o 00—\ — T\ — T —0

for [ = 1,2,...,n — 1. From these exact sequences, in the same way as

before, we obtain the following exact sequences of t-modules

0 — Y, — Ext}(T,,C) — G, — 0

for I =2,...,n. The last sequence for [ = n shows (7).
From lemma [8.1] the modules ¢ are 7—simple. Therefore, the sequences
6 for i =1,2,...,n— 1 show (7).
Part (ii7). From (ii) there exist exact sequences of the following form:
0 —7YY — Ext}(T,C) — G — 0
0 —TY — Ext}(T,C) — G — 0.
Arguing similarly as in the proof of [KK26, Proposition 3.2|, we obtain

that there exists the following commutative diagram with the exact rows:

0 — TV — Ext}(T,C) G" 0.

bl

0— TV — Ext}(Y,C) G™ 0

T
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Remark 8.1. If T = T(g, é) is a triangular t-module fulfilling the assump-
tions of the theorem [8.2] then the dual module T} has the following matrix

form:

V
wn 5n—1
0 [Py Op_o
(8.4) TV = : h ‘ ,
0 0 ly| 0
0 0 - 0 |%Yy]|d
0 0 - 0 0 |

In what follows, the following proposition will be useful:
Proposition 8.3.
(1) If ¥ is a Drinfeld module such that ki > 1 then
Hom, (ﬂ)v, C) = 0.

(13) If YT = T(% é) s a triangular t-module with no nilpotence such that
rk; > 1 fori=1,...,n, then

Hom, (YY,C) = 0.
Proof. Let u € Hom,(¢/,,,C) be a nonzero morphism, i.e. ui)" = Cu. Let

ijH be of the form (8.3). Then u = [uy,ug, ..., u,—1] € Matyx,_1 (K{T})
The equality uy)Y = Cu yields the following relations:

w04+ uy-T=00+71)u; for i=1,2,...,r—2.

and

aq 1 2 a9 ar_q
U1'<——T+ﬁ7' —Ug " —T — " — Up_7 * T:(Q—FT)'UT,L
a, ay a,

ar
Comparing the highest degree terms in the first » — 2 equalities we obtain
that
deg. u; = deg _us =--- =deg, u,_1.

But then by comparing the degrees in the last equality, we obtain a contra-
diction. Thus Hom, (¢}, ,,C) = 0. This shows (i).

For the proof of (ii), recall that according to Theorem [8.2|there exist the
following exact sequences:

& 00—l — YL, — T —0 for [=1,2,...,n—1.

Acting on 60 by the functor Hom,(—, C'), we obtain the six-term exact
sequence [KK24, Theorem 10.2]:

0 — Hom,(¢)), C') — Hom,(Yy,C) — Hom, (¢, C) — ---
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This implies Hom,(Yy,C) = 0. Reasoning analogously for ¢, and [ =
2,3,...,n — 2 we obtain Hom,(TV,C) = 0.
U

8.2. Dual biderivation. Our next goal is to determine those triangular
t-modules for which the Cartier-Nishi theorem holds true, i.e. (TV)¥ = T.
In order to do this, we have to determine the exact form of the t-modules
TV. This amounts to finding the biderivations 6, fori =1,...n—11in (8.4).
First, we will investigate the map §; — 0,". However, our reasoning will be
applied in much more general situation. We start with the following lemma.

Lemma 8.4. Letd: 0 — ¥V — T — & — 0 be a short exact sequence
giwen by a ¢ that splits. Then

(i) If Hom, (¥, () = 0 then the exact sequence of F,[t]—modules
(8.5) 0 — Ext}(®,¢) — Ext (T, () — Ext} (¥, () — 0

also splits.
(¢7) If Hom, (¥, C) = 0, then the exact sequence of F,[t|—modules

0— @ — T — T —0
splits as well.

Proof. We start with the proof of (7). Since the sequence § splits, there exists
a matrix of skew polynomials U such that § = UV — WU. Applying the
functor Hom,(—, ¢) to the sequence 6 by [KK24, Theorem 10.2] we obtain
the short, exact sequence of the form . In the language of biderivations,
it can be written as:

Der(®,{) i Der(Y,() ~ Der(¥,()

0— Der;,, (P, () — Der;, (T, ) — Der;, (¥, ¢)

— 0,

where i(6;) = [— 61,0} and 7T<[51,52D = —05. We will show that 7 is a
retraction.

Let g : Der(¥,() — Der(7T, () be the F,-linear map given by the fol-
lowing formula g(d5) = [6,U, —d>]. Additionally g maps inner biderivations

into inner biderivations. Indeed, if d; € Der;, (¥, (), i.e. o = V¥ — (V for

some matrix V', then g(dy) = (5&‘{[]’_‘/1) € Der;,(7,¢). So g induces ho-

Der (¥, () R Der (7, ()
Der;, (¥, C) Der;,, (T, C)
mog=1d,so 7 is a retraction and the sequence splits.

Since ¢g(d2) € Dery(T, () for every do € Dery(V, (), part (ii) follows from
part (i). O

momorphism of F,[t]-modules g : . Moreover
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Notice that a description of an exact sequence 0 — W e r I
® — 0 depends on the choice of coordinate system in the module T. In
[PRO3| Papanikolas and Ramachandran fixed the choice of coordinates in
such a way that i = [0,1]7 is an embedding into the second coordinate and
m = [1,0] is a projection onto the first coordinate. In our work we followed
this convention. However, one can assume that ¢ = [1,0]7is an embedding
into the first coordinate and = = [0,1] is a projection onto the second
coordinate. ] Then the t-module Y has the following bloc form:

U | §or
=[]

In order to distinguish, this space of biderivations will be denoted as Der?(®, ¥).
Then the biderivations (V) = U® — WU, for some matrix U of skew polyno-
mials correspond to splitting sequences. Analogously, the inner biderivations
will be denoted as Deri>(®, ¥). Then there is an F,[t]—module isomorphism
Der?(®, )

Der;?(®, U)

This notation will be useful further on.

Ext!(®, V) =

Consider an exact sequence of t-modules of the formé: 00— ¥ —
T — & — 0 and a t-module (. According to [GKK24, Lemma 3.5] if
Hom, (¥, ¢) = 0, Ext}(¥, () and Ext!(®, () are t-modules coming from the
algorithm of t-reduction then Ext!(Y,¢) has the structure of a t-module.
Moreover, from the proof of [GKK24, Proposition 3.2| it follows that the
t-module structure of Y is given by the following matrix:

_ | Mee| s
HY’C — |: O H(I),C :| I
where II5 € Der"p(Exti(\If, (), Extl(®, Q)) and II, . is the matrix defining

the t-module structure of Ext!(, ().
Define the following maps:
(i) I~y : Der(®,¥) — Der"p(Exti(\I/,C),Exti(CI), Q)) defined by the
assignment 0 — Il;,
(i) I, : Der(®, ¥) — Der<Exti(\p,¢),Exti(q>,<)> defined by the
assignment 0% — TI3%,.
Lemma 8.5. Let &,V and ¢ be t-modules such that Hom, (¥, () = 0 and
both Ext: (¥, () and Extl(®, () are t-modules coming from the algorithm of
t-reduction. Then the maps Iy i I, are Fy-linear.

2Such a convention for description of extensions is common in the theory of represen-
tations of algebras, see [R76l [R98, Mel07, [KM20] and many others.



41

Proof. We will give a proof for the map II(_). The proof for H?f  is analogous.
Let dim® =d, dim¥ = f and dim({ = f.

Let 61,0 € Der(®,¥). First, we will show that I, 45, = IIs, + Il5,.
Denote by T, for ¢ = 1,2 the middle term of the exact sequence corre-
sponding to the biderivation 9; and denote by Y, the middle term of the
exact sequence corresponding to d; + d9. Since both t-module structures
for Ext! (¥, () and Ext!(®, () come from the algorithm of t-reduction there
exist the following bases:

U< ¢ Matfxd(K{T}) and UYS ¢ Math€(K{T})

iXJ ixl
which fulfill step 2. of the t-reduction algorithm. From the proof of [GKK24,
Lemma 3.5], it follows that the basis

uss1o], Joluk]

iXJ iXJ

fulfills step 2. of the t-reduction algorithm. Therefore, the spaces Ext. (Y., ()
are t-modules for x = 1,2,+. Now, the argument is similar to that of
IGKK24, Proposition 3.2|. Let 5”) denote the inner biderivation belong-
ing to Der;, (Y., () for x = 1,2, +.

@, - o,
ot usl) _ [ (e

(5*( = |0p¢ )\0] for x=1,2,+

) _ [ o] e

( k¥

55_#7"“ [O\Uf;ﬂ) — :,UTkU»‘lj’C i ((51 +52) | 5@’< le):|’

ix1

where 5?? € Der;, (%, (). Since we are interested only in the terms Ils,, ITs,
and Ils, +5, we compute the action

1 * [0 ’ EiszTk} = (- [O ‘ Eixlmk] = [0 ’ Gt - Eixlcr’“}'

In order to determine the t-module structure on Exti(T*, (), reducing by

means of inner biderivations, we have to ensure that
(0] ¢+ Eoaer™] € Matpua(K{7}) _ X Mat s (K{T})_,,,
where N = [degT 5(”TOU§§)] and M = [degT 5(”70(]&()] . This means
iXJ ixl

that the degrees of the terms in the first bloc at the ¢ x j-th position are
smaller than deg,_ ¢ <“TOU?;§ ), and in the second bloc at the ¢ x [-th position
are smaller than deg, ¢ (wrovf ) Since the basis U,¢ fulfills step 2. of the

ixl

t-reduction algorithm, there exists a sequence of inner biderivations of the

form

s 1 1Y,C
5\1(,7;# U“XZS) for seJ
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such that
ks
G - Eiger® — 25\1(,1? vl € Matfxe(K{T})<M

Therefore, in all three cases we will reduce by means of a sequence of
biderivations:

(oer ooz, ]

. for seJ and *x=1,2 +.
For Il;,, ¢« = 1,2, we obtain

* [0 | Eixlm—k] = [— Zusrks Ui.x1, - 0;| reduced part].

sed

For i = 1,2 denote w;(7) := = ptsT kSU;IIfl d;. Since the basis U;I;jC
fulfills step 2. of the t-reduction algorithm, there exists a sequence of inner

biderivations of the form

pTRrUDS .
5&‘{ ) rel, for i=1,2

such that
Mr'r Uz 57
E 5 T e Matfxd(K{T}>

rel;
Therefore, in the reduction process, we use inner biderivations of the fol-

lowing form:

5(#”’“ [Ui’ﬁjJOD rel;, for i=1,2.

7

In the case of Il 5, we have

t x [O | EixlCTk} = [— Z,usTkSUisxls (61 + 52)‘ reduced part

sed
= [wl(T) + ?,UQ(T)‘ reduced part] :

Then for the reduction we can use the former sequences

5(“”kr [v5.10]) rel; and 52(“”’% [, 10])

1 r el
Since for Ils, 15, we used the same inner biderivations as for Il;, and Ilj,,
we obtain the same reduced form. This shows that Ils, 5, = Il5, + Ils,.

In order to show that x - II; = II,.s for x € [F;, we can proceed similarly.
First, we determine the inner biderivations for II; and II,.s. Then we show
that for computation of the action ¢ x* [0 | EixlCT’ﬂ, we can use the same
inner biderivations. We leave the details to the reader.

g

From Lemmas [8.4] and [8.5 we obtain the following theorem.
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Theorem 8.6. Let ®, ¥ and ¢ be t-modules such that Hom, (¥, () = 0 and
both Ext:(V,() and Ext!(®,¢) are t-modules coming from the t-reduction

algorithm.

(i) Then the following maps:

M), T < Exth(®, 9) — Bxt! (Ext}(W,¢), Ext}(@,0))

are F,-linear.
(i) If the t-modules ®,V and { have no nilpotency then the above maps
induce the following F,—linear maps:

M), %, : Exto(@, ¥) — Extq (Exto(\lf, 0), Exto(@, g))

Proof. From additivity of II_y and Hz’f , and the fact that they map inner
biderivations into inner biderivations, it follows that they induce the maps
Ext!(®,¥) — Ext (Exti(xp,g),Exti@,c)). Linearity of these maps is
the assertion of Lemma [8.5 which shows (7). We will prove (i¢) for the map
IT_y. The argument for H‘(’f ) is analogous. It is enough to show that if
§ € Der(®, W) fulfills 95 = 0, then also 0I5y = 0. But this follows directly
from the t-reduction algorithm, since if both T and ( are t-modules with

no nilpotence, then the t-module Ext!(Y, () also has no nilpotence. U

Corollary 8.7. Let ® and V be t-modules with no nilpotence such that
Hom, (¥, C) = 0 and both Ext} (¥, C) and Ext}(®,C) are t-modules coming

from the t-reduction algorithm. Then the maps

M), T, - Exto(®, ¥) — Extq (\IJV, <I>V>

are F,—linear.

For Corollary [8.7| we will write " instead of II5 and call it a biderivation
dual to 4. If ¥V and ®V again fulfill the assumptions of Corollary [8.7] then

we can consider the following composition of maps
I _ Imer
Excto(®, W) —= Exto (\IJV, <1>V) “ Exty ((qnv)v, (\IJV)V>,
which will be denoted as
s (3V)".
For finding an exact formula for a dual module to a triangular t-module

we need the following corollary. Applying this corollary considerably sim-
plifies the procedure of finding the aforementioned dual module.

Corollary 8.8. Let T = T(g, é) be a triangular t-module with no nilpo-
tence of the form (4.3)) where rkp; > 1. Then
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(i) the correspondence §; — 9, is F,—linear.

(ii) the correspondence 0; — ((5iv)v is F,—linear.

Proof. Assume that T has a 7—composition series of the form . Then
every pair of t-modules 9;;; and T; for j =1,...n — 1 meets the assump-
tions of Corollary From Proposition we obtain that Hom, (T, C)
vanishes since rk); > 1 for all i = 1,2, ..., n. Moreover, by [GKK24], Corol-
lary 5.3.] we see that both Extl(1;.1,C) and Ext}(Y;, C) are t-modules
coming from the t-reduction algorithm. Then part (i) follows by induction
applied to Corollary [8.7]

By Theorem the t-module YTV has a 7— cocomposition series of the
form . Now we will show that the pairs T}/, ;‘/+1 fulfill the assumptions
of Corollary [8.7]

By Proposition the space Hom, (¢}, , C') vanishes.

So the fact that Extl(¢)Y,,,C) and Ext (Y}, C) are t-modules coming
from the t-reduction algorithm follows from Lemma[9.2]which will be proven
in the next section. The proof of (iz) again then follows by induction applied

to Corollary [8.7] O

Remark 8.2. Notice an important fact that IF,—linearity is valid only for a
specific biderivation ¢;, not for different biderivations. This means that for

a determination of a dual module to that of the following form:

0+ 73 0 0
Y= |7+7 0+ 0
T4+7 P470 0470
we have to proceed as follows. First, we compute a dual module to the
following t-module:

04 74 0
™4+ 472

by applying additivity (T5+T6)V = (75)V+ (%) ¥, Then we compute the dual
module to T by determining the dual modules for the following t-modules:

0+ 713 0 0 0+ 713 0 0
T4 0+ 74 0 and 70 04 74 0
T 475 04 12 72 475 64 72

where we use the following F,—linearity:

A b V_ T4 v -5 v
T+ 72 7 + 72
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8.3. Explicit formulas for dual modules and dual biderivations. In
the next section, we address the problem relating to which triangular t-
modules the Cartier-Nishi theorem holds true for, i.e. whether a double
dual of a triangular t-module is isomorphic to an initial t-module. It turns
out that for t-modules with nilpotence the answer is negative.

We establish the Cartier-Nishi Theorem for t-modules allowing for LD-
biderivations. In order to prove this theorem, we need to find exact forms of
dual biderivations for this case. This will again be achieved by applying the
t-reduction algorithm from |[GKK24]. We start with the following lemma.

Lemma 8.9. Let T = T(y, é) be a triangular t-module of dimension n
with no nilpotence and r; :==1ky; > 1 for 5 =1,2,...,n. Then there is an

F,-linear isomophism

(86) TV = [K{T}(l,Tn)7 T K{T}<177”1):| ’

where K{T} ) denotes the space of polynomials with monomials of degrees

belonging to the interval (1,r;).

Proof. Recall that TV = Exto(Y, C') is isomorphic to Dero(Y, C')/Der;y, o( T, C)
as an F, [t} —module. Because of an isomorphismm Der (T, C') = Mat; «,,(K{7})
every biderivation § € Der(Y, C) can be regarded as a 1 xn matrix of twisted
polynomials.

In what follows, to simplify the notation, we will enumerate columns
from right to left. According to this convention, F; will denote the matrix
of dimensions 1 x n, where entry at position 1 x n — i+ 1 equals 1 and all
other entries are 0.

For the proof, we use the following inner biderivations from Der;, (T, C):

1) e = [ o] [ o]
N [ degdn_1
TR Epy—
st = |3 et [ o] o)
L =1
. [ degdn—1 deg dp—2
T B k k)
5%0 Y = Z N'd;—)wnﬂk“‘ Z o d( —2xn— 1z7k+l‘

ot fo] - o)
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deg 5n 1 deg 571 2

’T'kE
CEE I SRR SRR

deg 51
‘ Z - d1x2l7—k+l ‘ 51&,#) ]7

=1
where % o = uth - — C - ur* € Dery, (¢, C) for 1 =1,2,...,n. Since T
has no nilpotence, then all these biderivations belong to Dery(Y, C'). Notice
that the inner biderivation 6*™"F+) will be used for reduction of terms at
the s—th position counted from right to left. Similarly, every biderivation
d € Dery(T, C) will be reduced from the right to the left. Therefore, starting
with an arbitrary biderivation § € Dery(Y, C') one can, by means of the inner
biderivations 6“™" B0 reduce § in such a way that the polynomial at the s-th
place (counted from right to left) in the biderivation ¢ after reduction has
degree less than rk ;. O

From Lemma [8.9] it follows that the basis E,,..., Es, E; satisfies step
2. of the t-reduction algorithm. Thus Ext! (YV,C) has a t-module struc-
ture coming from the t-reduction algorithm. We also have the following
proposition.

Proposition 8.10. Let T = (%, é) be a triangular t-module with no nilpo-
tence, such that tk+; > 1 for | = 1,2,...,n. Then t-module TV has no
nilpotence.

Proof. Notice that if T has no nilpotence then the inner biderivations (8.7))
satisfy the conditions 0 W Ej) = () for 7 =1,2,...n. Therefore the t-module
Ext! (TV, C’) has no nilpotence as well as the t-module TV C Ext! (TV, C).

O

Remark 8.3. In the process of determining a dual module as well as a
double dual module, we will use Corollary 8.8 as in Remark 8.2} So we need
to ensure that if a t-module T allows for LD-biderivations (c.f. Definition
, then auxiliary t-modules coming from monomials of the biderivations
for T also have this property. And indeed this is true. The converse is also
true once we limit ourselves to the summation of monomials in one column,

i.e. those within one biderivation.

In the proposition below we determine an explicit formula for the dual
module in the case of a t-module allowing for LD-biderivations.

Proposition 8.11. Let T = T(y, é) be a triangular t-module of dimension
n, with no nilpotence and rj :=1k; > 1 for j =1,2,...,n. If T allows for
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LD-biderivations, then 6 has the following bloc matriz form over K ()

(85) 0/ = [Diri |-+ Disa | Divua].
where D;yq j is a matriz of sizer; — 1 xr; —1 for j=1,2...,4.
Moreover, if the biderivations 6; are of the form (4.4]), then
[0 -+ 0 djxiyin |
0 -0 djxit1,2
1 o :
(8.9) Divrj=—"—10 - 0 djxitrdegs | T
Qi {0 ..o 0 0
0 -~ 0 0 |

where a;,, is the leading term of ;.

Proof. Since T allows for LD-biderivations, after changing to the field K (),
we may assume that T satisfies condition (4.6)).

Determining the dual biderivations ¢ for i = 1,2,---n — 1 will be done
inductively. In the proof we will use the inner biderivations of the form ({8.7)).

The starting point of induction is determination of ;. Let Ty = { ?2 z/()) } )
1|

where rk; = r; > 1 for i = 1, 2. From Corollary [8.8|it follows that the cor-
respondence 0, — 9§y is F,—linear. Therefore it is enough to find the dual
biderivation for generators of the form dr” for 1 < h < 5. Lemmayields
an isomorphism of [F,—linear spaces:

T = Vy = [K{T}(l,rz)’ K{T}a’rl)]‘

Recall that, following the convention from Lemma[3.9] we denote E, = [1, 0]
and E; = [0, 1] since we are counting terms from left to right.

After choosing the following coordinate system for Va:

ro—1 ri—1
<E27k> , (ElTk) ,
k=1 k=1
we can determine the t-module structure on YV. To do this, one has to
compute the results of the action of ¢ on the generators cr*E; for i = 2,1,
and express the obtained results in the chosen coordinate system.

Since we are only interested in determination of 4, we will compute the
action of t solely on these generators, which have influence on the form of
5.

If k€ {0,1,...,7 — 2}, then

txct"Ey = (0 + 1)t By = <Qc7'k + c(l)TkH) Ey e Vs,
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then ¢ * c7*E in the fixed basis has the following coordinates:

of-|ofo.. 0670 0 ]0]

j—th block from right

where 0 denotes the zero row of appropriate size. This shows that all terms
except those in the last column of the matrix ¢y are zero.

Now consider the last column of ). The terms there result from the
action of t on the generator ¢ 1 E;. Then

txer" TR = (0 + T)CT”_lEl = (907”_1 + c(l)T”>E1 ¢ Va.
Since the degree of fcr™ =t + ¢(M 7™ equals r; we reduce it by means of the

following inner biderivation

ey

0. 70
5%0 i) = [NdThM;(ﬁ,C)] for ,u:al :
sT1

As a result one gets the following equality:

(1)
txcer LB, = ¢

airy

-dr" ‘ terms for 1y ]

Since h < 7; the value txc7™ ' E; can be expressed in the aforementioned
fixed basis. We obtain

txer™ By =10,...,0, —

a/lzrl

7,0,...,0 ‘ terms for @b}/]

T=c

h—th place

Thus

<d7h>v __ 4 Ehxry 17,

al,rl
where the matrix FE,«, has the only nonzero entry equal to one at the

position a x b.

deg 1
Then for 6; = Y. dixax7" We obtain
k=0
deg 61 deg 41 deg 41
v _ AN AN d1><2,kE.
1 = E dlxz,kT = E d1x2,k7 = E - kxri—1T-
k=0 = — a1,r

This finishes the determination of 4, and the first step of induction.

Assume that the consecutive dual biderivations §,” for t-modules Y, ;
where [ = 1,2,...,n — 2 have been determined and that they satisfy the
following conditions:

a. every 0, is of the form (8.9),
b. in the process of determining 4y, all the values ¢ x c7*E; gave the

columns with entries equal to zero for 1 < k < r; —1 and j =

1,2,...0—1,
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c. in the process of determining )’ the values txc7"7 = E; were obtained
1)
c

after a single reduction by the inner biderivation (5% TgEj) for p =
and j =1,2,...,0— 1.
Now we will find the form of the dual biderivation 6,/_; for the t-module

Y
n—1

jr;

T = T,. By the linearity of the correspondence 9,,_; — 9 it is enough

to find the dual biderivations for the generators of the following form:

T
5n—1 = [dn_lThn_l, e ,d27h2, dl’/'hl]

Denote by V,, the space [K{T}<er¢"), e ,K{T}(erwl)]. By we have
TV = V,. Then we have the following basis for V,,:

(8.10) (EnT’“)rkw”l, . (Eng>rkw21, (Elr’ffk%l
k=1 k=1 k=1
Now we will find the form of the matrix D,, ; for fixed j € {1,2,...,n—1}.
Again, t x c7*E; for 1 < k < r; — 1 gives us zero-value columns.
Consider now the last column of D, ;. The terms there come from the

action of ¢ on the generator CTkEj for K =r; — 1. Then
txer" T E;j = (04 T)er T E; = (907”_1 + C(l)Trj>Ej ¢ V,.

Since the degree of fer’i =t 4+ ¢ 77 equals rk 1; we reduce it by means of

0
| for =2

the following inner biderivation:

5%2*0&) _ [Mdﬂhj

a’jﬂnj

As a result, one gets the following equality:

(8.11) txcr TR = [ — pd;T"

terms for Y/, ] € Vi,

where the right-hand side has, by inductive hypotheses, the summands for

Y _,. Since h; < rk;, the value t * 7"~ 1E; can be expressed in the basis

(8.10). We obtain

.
txcr’i lEj =10,...,0,b, —~ 7,0,...,0 ’ terms for YV
a’jﬂ“j
hj—th place o
d.
Then the bloc D,, ; = ——E}, «,,_17, which shows (.9. O
aijj

3Notice that in the above formula we used the symbol E; for two different matrices.
In the left-hand side the matrix E; is of type 1 x n whereas in the right-hand side it is
of type 1 x (n—1). In both cases the only nonzero term is 1 at the j-th position counted
from the left. This should not lead to any ambiguity.
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From the reasoning presented in the proof of Proposition [8.11] we obtain
the following corollary for any triangular t-module whose quotient ranks are
greater than 1.

Corollary 8.12. Let T = T(g, é) be a triangular t-module of dimension
n, with no nilpotence and rki; > 1 for j = 1,2,....n. Then 0; has the

following bloc matriz form over K(Y)
(8.12) o = [Dz'+1,z' || Dit12 | Diginl,

where D;yq ; for j =1,2...,1 are matrices of size r; — 1 x r; — 1, in which

only the last column has nonzero entries.

9. DOUBLE DUAL t-MODULE AND CARTIER-NISHI THEOREM

Classical Cartier—Nishi theorem asserts that one may recover an abelian
variety from its dual via the Ext functor. In the category of t-modules an
analogous result is known to hold for the duality of Drinfeld modules [PR03],
as well as for strictly pure t-modules without nilpotence [KK26]. We will
show that the same phenomenon occurs for triangular t-modules allowing

for LD-biderivations.

9.1. Double dual module. In the first step, we show the double dual
\
analogue of Theorem . We note that the double dual module (TV> will

Vi . . . .
be denoted as TV, as this notation allows a more concise presentation.

Theorem 9.1. Let T = T(g, Q) be a triangular t-module with no nilpotence
such that r; :=1ky; > 1 fori=1,...,n.
Then

(i) double dual YV is a t-module given by the T— composition series of
the following form:

TV s YV s YV =YY
1) there exists the following exact sequence of t-modules
g

0— TV — Ext}(TV,0) — G2 — 0

n

where s = > 1k —n
=1
(i1i) Every map f : T — X, of t-modules that satisfy the assumptions

of this theorem, induces a map f¥V : YV — YVV.

Proof. The proof of this theorem follows the lines of the proof of Theorem
B2l We leave details to the reader. O
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Remark 9.1. Our goal is to obtain the Cartier—Nishi theorem in a form
analogous to that obtained for Drinfeld modules [PR03, Theorem 1.1], and
also for strictly pure t-modules [KK26, Theorem 1.2]. By Theorem [9.1}, it
suffices to show that TVV = T.

Remark 9.2. From the previous theorem it follows that the t-module TV

has the following matrix form:

W, 0 -0 0 0
($u—1)” |- 00 0
TV PR ,
' (671—1)\/\/ (571—2)\/\/ wg/ 0 0
. Wy 0
5%/V 2
oy [y |

Recall that from the proof of [KK26, Theorem 3.4|, it follows that

w1
1= “Yr-ap, for 1=1,2,... n.
Z,T‘l

Thus the module TV has sub-quotients of the form - ayy,. In order

l,?"l
to return to the initial sub-quotients v;, we will consider the conjugate of

TVY by the diagonal matrix D = diag (an,,«n, _ ,alm), where a;,, is the
leading term of );:
DyvY.— diag (A, s a1) - TVY . diag (an, - ,al,m)_l.

Then the biderivations for PYV" are given by the following formulas:

Dy = diag (arpy, -+ s a1,,) -6 - for 1=1,2,...,n—1.

al+1 yTI+1

In the case of t-modules allowing for LD-biderivations we will show that
o ="6"
from which it follows immediately that T = TV,

In order to prove that the Cartier-Nishi theorem holds for triangular t-
modules allowing for LD-biderivations, we first need to determine the precise
form of the double dual module for this class of t-modules. We begin with
the following lemma:
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Lemma 9.2. Let T = (g, Q) be a triangular t-module with no nilpotence,
such that r; ==tk > 1 forl=1,2,...,n. Then

(i) Ext(YY,0) 2| K{r}a, . K{r}a K{r}es | -
rk in foterms

| K{rda o K{rban Kirbe | Kirba, o Kb K{r)<|

rk W2 7\1:terms rk frfterms
(i) TV = [0,0,...,O,KT |- ] 0,0,...,0,K7 | o,o,...,o,KT]
W ~ Vv ~ Vv
rk ¢, —1—terms rk o —1—terms rk ¢ —1—terms

Proof. Recall that Ext}(YV,C) = Der(TV,C)/Der;,(YV,C), where
Der(TV,C) = H Mat sp gy—1 (K{7}). Every element of Der(TV,C) will

be identified w1th the matrix consisting of [ blocs. We note that in this
proof, and in the remainder of the paper, blocs will always be numbered
from right to left, whereas the elements within each block will be indexed in
the usual manner from left to right. Denote by Ej; the matrix belonging to
Mat1 wrk g, —1 (K), which as the i—th entry (counted from left to right) has 1
and has zeros at all other places. Additionally, by HEZ»“ H we denote the bloc

matrix from H Marty k4, — 1(K{T}) where the [—th bloc from the right is

equal to E; and all the other blocs are equal to zero. Consider the following
generators of the space Der;,(TY,C) for p € K and k=0,1,2,...
(9.1)

5([E

il

Jurt) _ pr | B ] T = Cpr® [| Eq|] =

- [ 0 | ‘ 0 | 5w1|lcm ) ‘Ei\l ) MTle,l—l | }Em : HTle,l},
——
(n—1)—blocks
where 83/4" € Der;, (¢, C) and 6}, = [Dia | o | Do | Dia).

Eq

Jur*) € Dery(TV, C) for every k =

From Proposition |8.10| we get 5([
0,1,2,.... Thus (i) follows from (7).
Notice that from Corollary it follows that in every matrix

Ey-put* Dy for j=1-1,1-2,...,2,1
only the last column is nonzero.

Tl
Let ¢y = 0 + > a;s7°. Then from the form of (8.3) it follows that the
s=1

inner biderivation ¢ wvl”cﬂ 9 is one of two types. For i = 1 we obtain

(E . Tk) ILL . 0771 ILL
61/’;/1}6[‘” — |:Iu . (Q(k) — 9) Tk _ ,u(l)Tk-i-l’ O, o 70’ i Tk+1 + Tk+2
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whereas for ¢ = 2,--- 1, — 1 one gets

(Eiji-pr®) k (k) k(1) k '“'al(k‘) k
INZ o +1 1 1 i 41

511)%0 - \0""’0,’M'T 7“'(9 _9)7' —HT 707---70;_TT

(i—2)—terms
where for ¢ = r; — 1 the last term is of the following form:

(k)
’ (Q(k) - 9) k) kt BT e
% T T ® T

Tl

2 ]‘”k) for the chosen [—th

bloc. The biderivation of the first type for ¢ = 1, by means of which the
last column (counted from the left) of the I-th bloc will be reduced. Then
the biderivations of the second type for i = 2,3,...,rk; — 1, will be used

Thus, we have two types of biderivations 6([

for reduction of the ¢ — 1-th column in the [—th bloc. As a result of such
a reduction at the i-th position, a term of the same degree as that just
reduced will appear. Therefore the biderivations of the second type "shift"
the highest term by one place to the right. Additionally, the new terms will
appear only in the last columns of the blocks located to the right of the
[—th bloc.

Now we can explain the reduction of any inner biderivation from Der(T", C').
During the reduction process the consecutive blocs from left to right will
be changed. Assume that we have reduced all the blocs to the left of the
[—th bloc. The reduction in the [-th bloc will be performed according to the
following procedure:

(1) let M be the maximal degree of terms in the [—th bloc

(2) denote by m the index of the first from the left column with the
term of degree M.

(3) if M = 2 and m is the index of the last column, then we have finished
the reduction of the bloc.

(4) if m is the index of the last column, then we reduce this term by

means of the biderivation of the first type 5<HE1”H“ Tk) for appro-
priate 1 € K and k € Z>(. Then we go to step (1).

(5) if m is not an index of the last column, then we reduce it by means
of the biderivation of the second type of the form 5([‘Em+1”umk>
for appropriately chosen ¢ € K and k € Zso. As a result of this
operation, a term of maximal degree is now in the m + 1—st column.
We return to step (3).
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As a result of applying this procedure, we see that all terms in the [—th
bloc have expected degrees. Since

(Ey ™) (Eijur) ,
@&%ﬂﬁ =k+2, ®&QM5 =k+1, for i=23,---rkey — 1,

we see that two different bloc matrices in

[K{r}ar . K{r}an K} | -] Kirdar o Kirha Kir) s
rk pn 7\1,7terms rk foterms
represent different elements in Ext!(TV, C). O

9.2. The case of LD-biderivations. We consider triangular t-modules
that allow for LD-biderivations.
Recall the procedure for determining ¢"" for a Drinfeld module of the
form ¢ = 0 + i a,7°. Since V" = [O, 0,---,0, KTL in order to determine
s=1

the t-module structure on ¥, we have to find the result of the action
t*[0,0,---,0,cr] =[0,0,---,0,07 + ¢V72]. For this we reduce by means
of the following inner biderivation:

Vi () " ay
(9.2) (5d(}vjbou ) =10,...,0, ﬁ# — SZ:; a—ru( D. 7|  where
[l == C(l)as.l) and V¢Z<M) = [#, [1/(1)7 e ,M(T_Q)]TO.

Then we write the result in the standard basis and obtain the form of ¥V,

The inner biderivation 6153%“)) will be used further on to determine YV

for a triangular t-module T.

Theorem 9.3 (Cartier-Nishi Theorem). Let T = (1, 0) be a triangular t-
module with no nilpotence, such that r; =tk > 1 forl=1,2,... n. If T
allows for LD-biderivations, then YV =2 T over K(Y), and there exists the

following exact sequence of t-modules over K(T)

0 — T — Ext}(YY,C) — G — 0

n

where s = >tk —n

=1
Proof. Since T admits LD-biderivations, after changing the field to K(7T),
we may assume that T satisfies condition (4.6)).

The existence of this exact sequence will follow from the isomorphism
TVY 22 T applied to Theorem So we will focus on establishing this

isomorphism. According to Remark [0.2] it is enough to show that

s/ =6 for 1=1,2,...,n—1.



55

r
Let ¢y =0+ > a;,7°. We will induct on the number of biderivations.
1

sS=

Let Ty = [ 1(?12 121 } . From Corollary it follows that the correspon-

dence &, — &Y" is F,—linear. Therefore it is enough to find the double
dual biderivation for generators of the form dr" for 1 < h < r and to show
that

1
ay - (drh)vv . = dr".
Az ry
Recall that
d
(dTh)v - = Eh><7‘1—17—7
ai,m

From Lemma [0.2] it follows that

Ty [o,o,...,o,K@ | g,o,...,o,K@].

ro—1—terms r1—1—terms

Recall that E;; denotes the matrix of dimensions 1 x r; — 1, which at the
i—th entry has value 1 (counted from left to right) and in addition zeros at

all other entries, and
[1Eell = | Bzl 0], [1Bal]=]0] B .

In order to determine the F,[t|]—module structure on YY", one has to find
an action of £ on the generator c- 7 [|Er2_1|2 H written in the following basis:

r [Bpl] = [0 0 0], (Bl = [ 0] 0,07 ],
Then
txcr- HETQ,HQH =Cy-cr- HE’TTHQH = [0,...,0,007’+c(1)7'2 ‘ 0].

The summand ¢M72 - [|E,,_1pp|] is reduced by means of the following inner
biderivation given by equation ((9.2)):

Al _ [0 st ]

Vv Vv
Ty,C y.C ar,

where [|Vy, (1)|] == [Vi, ()] 0,-++,0 ] for pp =V al’)

2,rg”

We obtain the following equality:

(h—1)
frer ([ Bl = [““ for ¢ [0,...,0,5 dT]‘

al,rl
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(1)

Substituting 1 = ¢Wa,.’, and expressing t * c7 - HETQ_HQH in the basis one

9,2
gets
(h)
ay .. d
vV 22 _h
toer - [|Epop|] = | 07, =27
al,m
(h)
vV Ao, d d vV 1
Hence (dr")" = —="-7h = - ag,, and ay,, - (") - —— =dr".
al,rl al,m a2,r2

Assume that for a triangular t-module of dimension n — 1 we have
bsyV =, for 1=1,2,...,n—2.

and every double dual biderivation 6" came from determining the action

txcr- HEnflll H, where the following inner biderivation

5(“%’}(“))7 for p=c.q0

“ Qg
was used in the reduction process.
Here, [|Vy,(1)]] is a bloc matrix where the only nonzero bloc is the [—th,
counted from right to left, and is equal to Vi, (p).
Let T be a triangular t-module of dimension n. By the inductive hy-
pothesis
bsyV =6, for 1=1,2,---n—2.

Vo . . .
V" is F,—linear, it is enough to consider

Since the assignment 6,,_; — (0,,1)
T
the case where 9,,_1 = [dn,lrh"*, s dot2, le’“] . Recall that by

we have

n—1 d
67\1/71 == - Ehixrjfl'r-
=1 Y
From Lemma 0.2 it follows that
TV = [0,0,...,0,K7 | -~ | 0,0,....0,K7 | g,o,...,o,Kﬂ.
rp—1—terms ro— 1:rterms ri— 11,1:erms

Recall that E;; denotes the matrix of dimensions 1 x r; — 1, which at the
1—th entry has value 1, zeros at all other entries, and HEZUH denotes the
bloc matrix where the [—th bloc (counted from the right) equals F;; and all
the other blocs are zero. In order to determine the F[t]—module structure
on TV one has to find an action of ¢ on the generators c¢- 7 HErnlnH written
in the following basis:

9.3) 7 [|Enpml], T [|Brainen
Then
teer - [|Br ] = O+ et - [| By al] = (b + d072) - | By o]

}7 e, T HET2|2

Jo 7 [[ Bl
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The summand ¢M72. [|E,,n,1|nH is reduced by means of the following inner
biderivation given by equation (9.2)):
([t []2) _ [5<w> oo H e

,(p 7C
" Ap—1,r,_1

for p = cW - aﬁ}}n. We obtain

(hn—1-1)
t*xcr- HETnfllnH = [ terms for %vv | O,...,O,Ld"*l

e
anfl,rn_l
(h2=1)q (hi=1)g
0.0, 00“—]

a2,r2 al,rl
Substituting u = c(l)agzn and expressing ¢ cT - HErn—llnH in the basis (9.3))
one gets

(hnfl)

v QAr n dnfl
txcrT- HErn71|n|] = | terms for tpy *, —" T ghno1 L
a’nflyrn—l

s Wry, ndl
a277'2 Thl
allvrl
T=c
Then
T
(hn—1) (h2) (h1)
Vv Ary,n d -1 Ay ,ndQ Ay ,ndl
(5l—1>v = - o Thn717 R - Thza - Thl .
Ap—1,rp_1 A2,y a1,r
So,
D vV o . A% 1 _
(511—1) — dlag (an—l,rn,p T 7a1,T1) : (511—1) : a — 611—1-
n,Tn

As an immediate consequence of Theorem and Corollary [4.3] we
obtain the following fact.

Corollary 9.4. Let YT = (g, é) be a triangular t-module with no nilpotence,
such that

1 <tk <tk < --- <1k),.
Then TVY = T over K(Y) = K, and there exists the following exact se-

quence of t-modules over K

0 — Y — Ext}(YY,C) — G5 — 0
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n

where s = >tk —n O

=1

Similarly, from Corollary and Theorem we obtain the following

corollary.

Corollary 9.5. Let T = (@, é) be a triangular t-module, defined over K,
with no milpotence, such that

I <rkty <rkty < - <rkfy,.

Then TVY = Y over K(Y) and there exists the following exvact sequence of
t-modules over K(T)

0 — T — Ext}(YY,C) — G5 — 0

n

where s = Ytk —n. O
=1

Remark 9.3. Notice that in order to define the dual t-module ®¥ using
the methods of Taguchi, the assumption that ® is strictly pure is essential.
Indeed, in [KK26] it was shown that for a strictly pure t-module ® without
nilpotence, the Cartier—Taguchi dual module coincides with that defined
as Exti70(<I>, (). However, triangular ¢-modules are in general not strictly
pure (cf. Proposition . This indicates that the construction of the dual
module via Ext} o(®,C) is in fact more general.

The following example shows that in Theorem [9.3] the nilpotence condi-

tion is necessary.

Example 9.1. Consider the t-module

Then
0 72 0 T
o | T 6 0 0
=10 0 0] (0-0)r
0 O T‘ 0+ 12

For determination of (TV)V we have to assume that K is a perfect field.
Then from the reduction algorithm we obtain that

O0+73 0 0
(™)'= + 6 OO—-0)+7> | 2T
0 T 0
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Our results show that the Cartier—Nishi theorem holds for triangular t-
modules allowing for LD-biderivations, and we have provided an explicit suf-
ficient condition ensuring that a triangular t-module allows for LD- bideriva-
tions. At present, it is natural to ask to what extent this hypothesis is
actually necessary. All triangular t-modules we have tested outside those
allowing for LD-biderivations still satisfy the Cartier—Nishi formula, and no

counterexample is currently known. This leads to the following question:

Question 9.6. For which triangular t-modules does the Cartier—Nishi the-
orem hold? Does it hold for all triangular t-modules, or does there exist a

triangular t-module for which the theorem does not hold?
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