COMPUTING EXTENSIONS OF FLAG-JUMP t-MODULES
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ABSTRACT. We study Anderson t-modules whose positive-degree co-
efficient matrices admit a flag-jump basis and extend the t-reduction
algorithm to this setting. We prove that these t-modules are abelian,
with motive rank equal to the sum of their jump degrees. If ® has jump
degrees j1, ..., jq¢ and deg, ¥ < ming js, we compute the t-module struc-
ture on Extl(®, ¥), its subgroup Exto, . (®, ¥), and the associated exact
sequence. The construction allows nonzero nilpotent constant terms and
includes the strictly pure case. When ¥ is the Carlitz module, Ng = 0,
and all jump degrees are at least two, the construction yields a dual
t-module. We give complexity bounds for the algorithms and imple-
mentations in SymPy and Mathematica.

1. INTRODUCTION

The arithmetic theory of Drinfeld modules and Anderson t-modules has
acquired an increasingly algorithmic character in recent years. Explicit
methods have been developed for computing endomorphism rings, isogenies,
characteristic polynomials of Frobenius, and L-functions; see, for example,
[2, 3, 5]. Algorithms for computing the motives and dual motives associated
with Anderson t-modules have also been developed [15]. Alongside these
theoretical developments, computer algebra implementations have made it
possible to calculate invariants and examine examples that are difficult to
handle by hand. Our work continues this computational approach by pro-
viding effective methods for homological constructions in the category of
Anderson t-modules.

Extension groups play an important role in this category and in the con-
struction of dual t-modules. Their description in terms of biderivations
modulo inner biderivations provides a concrete starting point for computa-
tion. To determine the induced t-module structure explicitly, however, one
needs finite-dimensional coordinates for extension classes and a procedure
for computing the action in those coordinates. This requires a reduction al-
gorithm together with proofs of termination and uniqueness of the resulting
representatives.
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Papanikolas and Ramachandran [16] used the biderivation description to
establish a Weil-Barsotti formula for Drinfeld modules. Subsequently, ex-
plicit computations of extension structures for Drinfeld modules and certain
special t-modules were developed in [11]. The t-reduction algorithm in-
troduced in [6], with the correction in [7], extended these computations to
strictly pure and certain triangular presentations. This method also enters
the duality results of [12] and the homological constructions studied in [13].

The aim of this paper is to extend the range of presentations for which
the t-reduction algorithm can be carried out. In the strictly pure case, the
highest coefficient matrix is invertible and supplies all the directions needed
for reduction at a single degree. When this matrix is singular, the necessary
directions may occur in different coefficient blocks. The problem is then to
select suitable columns and arrange the reduction steps so that eliminat-
ing one term does not reintroduce terms already removed. We address this
problem by introducing flag-jump (FJ) presentations, based on a compati-
bility condition between the coefficient blocks and their associated flag. The
precise definition and its consequences are developed in Section 3.

Our main result shows that, if the source admits an F.J presentation and
the degree of the target is smaller than every jump degree of the source, the
t-reduction algorithm determines a natural Anderson t-module structure on
the extension group. We provide algorithms for computing this structure,
the subgroup represented by biderivations with zero constant term, and the
terms and morphisms of the associated exact sequence.

The FJ condition includes strictly pure presentations and also applies to
presentations with a singular highest coefficient matrix, including suitable
block triangular examples. We prove that t-modules admitting an FJ pre-
sentation are abelian and give an explicit basis of their associated motives
(see Theorem 3.12). The jump degrees determine the motive rank of the
source and, together with the dimension of the target, the dimension of the
extension t-module. We also describe the behavior of FJ presentations in
exact sequences (see Proposition 3.8).

Under the additional hypotheses required for duality, our results also yield
dual t-modules, extending the setting treated in the strictly pure case. The
FJ condition concerns the chosen presentation: an unsuccessful basis search
does not rule out the existence of an isomorphic presentation satisfying this
condition.

The computation proceeds in two stages. First, we search the positive
coefficient blocks for a flag-jump basis and a compatible ordering of the
column positions. This search uses rank constraints, linear independence
tests, and precedence relations obtained from the selected columns. Once
a compatible basis has been found, it determines the reduction steps used
to compute the extension structure and the maps in its associated exact
sequence. The basis search and full reduction are implemented in the ac-
companying software [10]. The exact-sequence construction in Section 6 is
a linear postprocessing of the full action. Worked examples illustrate the
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computation of Ext groups, their subgroups Extg -, and the inclusion maps
from the input coefficient matrices.

The paper is organized as follows. Section 2 recalls the necessary back-
ground on t-modules, extensions, and biderivations. Section 3 introduces
flag-jump presentations, develops their main properties, and proves their
abelianity. Section 4 presents the algorithms for finding a flag-jump basis
and a compatible column ordering. Section 5 establishes the existence and
uniqueness of normal representatives and constructs the induced t-module
structure on the extension group. Section 6 treats zero-constant extensions
and gives algorithms for computing the associated exact sequence and its
maps. Section 7 develops the construction of dual t-modules and the cor-
responding Weil-Barsotti exact sequence. A running example illustrates
these constructions throughout Sections 3-7. Section 8 analyzes the arith-
metic complexity of the algorithms and discusses their implementation. In
the appendix, we investigate exact sequences of t-modules with middle term
EXt}.((I), U) and quotient on which ¢ acts as multiplication by 6. In partic-
ular, we establish conditions under which the kernel of the corresponding
quotient map coincides with Extg ,(®, U).

2. PRELIMINARIES

2.1. Skew polynomials and presentations. Let ¢ = p®, where p is prime
and s > 1, and let L be a field of characteristic p. Fix an F,-algebra
homomorphism

v:Fyt] — L, 0 = u(t).
For a € L and r > 0, put a{” = a? . The same notation denotes entrywise
Frobenius powers of matrices.

The skew polynomial ring L{7} consists of polynomials with coefficients
on the left and multiplication determined by 7a = a?7r. For matrices of
compatible sizes, this gives

(XT)(Y7%) = XYy ") rrts,
We write deg_ for the degree in 7, with deg, 0 = —oo. For a matrix U over
L{t}, its constant coefficient is denoted by Uy or oU.
An Anderson t-module of dimension d over L is an [Fy-algebra homomor-
phism
® : F,[t] — Matq(L{T})
such that, writing ®; := ®(¢),
(2.1) 0%, =0I,+ Ny,  N§=0.
For a source ® of dimension d and a target ¥ of dimension e, we write
n m
®, =60I;+No+ > A7, and U, =0I.+ Ny+» B.1'.

r=1 r=1

We call n the degree of ®; and denote it as deg, ® = n.
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A morphism F': ® — ¥ is a matrix
F € Matexq(L{7})

satisfying
Fo, =V, F.
Its differential is OF = Fy. For general background on Anderson t-modules,
we refer to [1, 4, 8, 18].
A presentation is called strictly pure if its highest positive coefficient ma-
trix is invertible.

2.2. Biderivations and extensions. Every t-module ® of dimension d
induces an [F,[t|—module structure on the space L4 This is given by the
following formula:

axx:=®,(x), for acTF,[t],zec L%

This Fy[t]—module is called the Mordell-Weil group of ® and is denoted
as ®(L%). Analogously, every morphism of t-modules induces a morphism
of F4[t]—modules. In this way one obtains the inclusion functor from the
category of t-modules into the category of [F4[t]—modules. This functor
enables us to transfer the notion of exact sequences to the category of t-
modules in the following way. We say that the sequence of t-modules

(2.2) 0—®—T —V¥—0
is exact if the corresponding sequence of F,[t]—modules
0 — (LY — T(LHY) — W(LY) — 0

is exact. By Extl(¥, ®) we will denote the set of exact sequences of the
form (2.2) modulo the isomorphic sequences, with group operation given by
Baer addition.

A (®,V)-biderivation is an Fy-linear map § : Fy[t] — Mateyq(L{7})
satisfying

d(ab) = ¥(a)d(b) + 0(a)®(b) for a,be Fylt].

Following [6], we denote the space of biderivations by Der(®, ¥) and write
¢ :=0(t). Evaluation at ¢ gives an Fy-linear isomorphism

Der(®, ¥) — Matexq(L{7}), O — 0.
Thus every matrix V' € Mateyq(L{7}) determines a unique biderivation with
o0y =V.
The corresponding extension has presentation
_[®: O
X, = [ . \PJ .

Its constant coefficient differs from 614, by a nilpotent matrix, so there is
no additional restriction on 99;.
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For U € Mat,yq(L{7}), define the inner biderivation §(Y) by its value at
t: 5§U) = U®; — U,U. The image of the map

607) : Matewg(L{r}) — Der(®,¥), U +—s 6,

is denoted by Deri,(®, ¥). Under evaluation at ¢, this space is identified
with the matrices 5t(U).

The biderivation description of extensions gives an isomorphism of Fy[t]-
modules

Der(®, ¥ Mat L
EXt}.(@, \I/) g er( ) ) g (U) a exd( {T}) .
Derin(®, %) (5% U € Matexq(L{7})}
In matrix notation, the action of ¢ is

V] =W V] = [V,

because VO, — 1,V = 6{") € Deryn(®, ).
The map U — 6W) is additive and Fg-linear, but need not be L-linear.
Indeed, the positive-degree terms in W;(uU) involve Frobenius powers of f.

2.3. Zero-constant biderivations. Following [6], put
Dero(®, V) = {6 € Der(®, V) : 96; = 0}.
Its image in Extl(®, ¥) is

Dery(®, ¥)
2. Exto (@, 1) = .
(23) %o (2 0) = 509 1 Der (3, 7)

A class belongs to this subgroup precisely when it admits a representative
V = §; with Vj = 0. It is stable under the action of ¢, since

(¥:V)o = (01c + Nu)Vp.
Then
6W) € Derg(®,¥) <= (OU)Ng = Ng(dU).
2.4. Motives and abelianity. Let ® be a t-module of dimension d over
L. Tts associated t-motive is
Mg = Homy, 1(G%,G,) = L{r}**4,

where the homomorphisms are F,-linear morphisms of algebraic groups de-
fined over L. The natural left L{7}-action, together with

t-f=[fody,

makes Mg a left L[t]-module. We call ® abelian if Mg is finitely generated

over L[t]. In this case Mg is free over L[t], and its rank is called the rank of
P.
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3. FLAG-JUMP PRESENTATIONS

3.1. The running example. Throughout this section, we illustrate the
definitions with the pair

[0+ 72 0
(3.) o= T ]
over L = Fy(#), where 6 is indeterminate. Here dim ® = 2 and dim ¥ = 1.
The positive coefficient matrices of ®; are

0 0 10 00
St T R I E i

Thus the highest coefficient matrix has rank one, whereas

001000
[A1|A2’A3}_[0 0011 1}

has rank two. Write e; = (1,0)7 and es = (0,1)7.

\I/t:0+7'

3.2. Column orders, flags, and jumps. Let

(32) A=A A, Aj=q,d] Ay € Matg(D).
For a permutation o € Sy, read the columns in the order
(3.3) W @, cz(_lg, . ,cz(_d;, ce 0'17(1), . ,c(f(d).

The blocks are read in decreasing degree, with the same column order inside
each block. Put p = 07!, so that p(s) is the place occupied by position s in
this order.

Running Example. In the example (3.1), the identity order gives

1 2 1 2 1 2
C3, C3, Cy, Cy, Cy, Cq.

For o = (12), the order is

2 1 2 1 2 1
c3, €3, C5, C3, €7, C7.

In particular, p(2) =1 and p(1) = 2.
Definition 3.1. Let vq,...,v,q be the columns in (3.3). The associated
o-flag is
Wo CW1 C Wy C - C W,
where Wy = {0} and W, = spany (v1,...,v) for 1 < £ < nd.
9 is a o-jump column if Wy, # W,y_1. We denote its

A column vy, = c;
position by (j,s) and write

Jo(A) = {(j, s) | ¢} is a o-jump column}.
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Running Example. For o0 = (12) in the example (3.1), the flag is
WO = {0}7 Wl = W2 = W3 = Le2’ W4 — W5 — W6 — L2.

The successive steps are

£ | column | vy | dimp W, | jump
1 3 e 1 yes
2 c ) 1 no
3 c3 ) 1 no
4 c el 2 yes
5/ ¢ 0 2 no
6| cf 0 2 no

Hence Jo1y(A4) = {(3,2),(2,1)}. In the identity order, the first and third
columns give the jumps, so Jiq(A4) = {(3,1),(2,1)}.

3.3. Admissibility and the FJ type.
Definition 3.2. The block matrix A is o-flag-jump admissible if it has

exactly d jump columns, with one in each original column position s €
{1,...,d}. Relabeling these columns by their original positions gives

Jo(A) = {1, 1+, (Gar ) }.
The ordered basis
B,(A) = (c]ll, . ,c?d)
is called the canonical o-flag-jump basis. The permutation ¢ is a compatible
order for this basis.

Running Example. In the identity order, the example (3.1) has both
jumps in position one. It is therefore not identity-admissible. For o = (12),
the jump positions are (3,2) and (2, 1), so the matrix is o-flag-jump admis-
sible. Its canonical basis and basis matrix are

(3.4) B,(A) = (c%,c?))) = (e1,€2), C= {cé,cg} = Is.

Although ¢3 is selected first, it is the second vector of the canonical basis
because its original column position is two.

n
Definition 3.3. For a presentation ®; = 0®7° + > A,7", put

r=1
CH@) = [A | -+ | 4.
We say that @ is of type FJ, v if C*(®) is o-flag-jump admissible and
(3.5) N = min .

d
The integers js are its jump degrees. We also put J = > js. A presentation
s=1

is FJ if it is of this type for some ¢ and N.
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Remark 3.4. The FJ condition depends on the chosen presentation and is not
preserved under isomorphisms of t-modules. In this respect it is analogous
to strict purity: both conditions concern the coefficient matrices in a chosen
coordinate system.
For example, suppose that ¢ is odd and consider
B 00 1 0] o

This is an FJ presentation: in the order (1,2), the jump columns occur in
positions one and two, at degrees two and one, respectively. However, for

1 1

P:L -1

] S GLQ(Fq),
the isomorphic presentation is

P lo.P =01, + % {_11 11] T+ % E ﬂ 2.

For either order of the two positions, the first column read in the degree-
two block gives the first jump. The column in the same position in the
degree-one block gives the second jump, since it lies outside the span of the
degree-two block. Thus both jumps occur in the same position, and no order
is admissible.

We therefore use the term FJ presentation. The assertion that a t-module
admits an FJ presentation is, of course, invariant under isomorphism.

Running Example. For the example (3.1),
J1 =2, J2 =3, N =2, J =25.

Thus @ is of type FJ(9) 2. Moreover, deg,. Wy =1 < N, so the pair satisfies
the hypotheses of Theorem 5.3 as well as Theorem 5.6.

Example 3.5. Every strictly pure t-module is FJ. Indeed, let ® be strictly
pure with leading coefficient matrix A,. Since A,, is invertible, its d columns
are linearly independent in any order. Consequently, all of them are selected
before any lower block is examined, yielding j; = n for every s. Thus, every
strictly pure presentation is of type FJ, , for every permutation o.

3.4. The leading rows. Recall that, for a matrix C, we denote its entry in
position (a,b) by Cyxp. With this convention, the symbol * indicates that
the corresponding index ranges over all possible values. Thus, Cy . denotes
the a-th row of C, while C,, denotes its b-th column.

For a selection of one column by, = i in each position, write

C = [blv-'wbd]’ )\S:(Cil) ’

SX 3k

assuming that C is invertible. For every v € L%, we have
d

v= Z(’\S - v) bs.

s=1
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Thus As-v is the coefficient of b, in the expansion of v in the basis (by, .. ., bg).

Proposition 3.6. The selected columns form the canonical jump basis for
o = p~ ' if and only if, for every s € {1,2,...,d}, the following equalities
hold:

(Asdj), =1 XAr=0 for r>js, (AAj), =0 for p(l) <p(s).

In this case, A\s®y has degree js, with leading coefficient one in position s
and zero in every position preceding s in the o-order.

Proof. Suppose first that the selected columns are the jump columns. Every
column read before by lies in the span of the earlier jump columns, so its
coefficient along by is zero. This applies to every column of A, with r > j
and to the columns preceding s within A;, . Finally, A - bs = 1.

Conversely, suppose that the equalities hold. It suffices to show that the
selected columns form a basis compatible with the o-flag. Expand a column
cL in the basis by,...,bs. A nonzero coefficient along by implies j, > r; if
Jjs = r, it also implies p(s) < p(l). Thus, every basis column appearing in the
expansion precedes or coincides with cl. in the o-order. If ¢\ is unselected, all
basis columns appearing in its expansion strictly precede it. Each selected
column is linearly independent of the preceding basis columns and therefore
creates a jump. ([

Under the assumptions of Proposition 3.6, the column c;, is called the
pivot column associated with A;®;, and the entry (A\;A4;,)s = 1 is called its
pivot. If B = (b1,be,...,bq) is a jump basis, then the matrix

d
C = [cjl-l,...,cjd}

will be called the jump matriz.

Running Example. In the example (3.1), 0 = (12), C = I, so A\ = (1,0)
and A2 = (0,1). The required identities are

AMAs = (1,0), MA3=1(0,0), XAy =1(0,1), XoA3=(1,1).
The leading rows are therefore
M®; = (604 72%,0), Ao®; = (73,0 + 72 4 7°).

3.5. Suffix ranks and the required number of columns. The number

of jumps contributed by each block can be computed before choosing a
column order. Define

(3.6) S; = spanj, {c;f cr >, 1 §s§d}, s; = dimg, S},

with S,4+1 = {0} and s,41 = 0. Thus s; is the rank of the suffix matrix
[Aj |-+ | An]. Put

(3.7) rj=s5j— 841 for 1<j<n.

For a full-row-rank block matrix, also put

(3.8) k=max{j:s; =d}.
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Proposition 3.7. Every canonical jump basis contains exactly r; columns
from A;. Consequently, for an FJ presentation,

N =k, J =Y jr;.
j=k

These quantities are independent of the compatible order.

Proof. After all blocks of degree at least j have been read, the selected
columns form a basis of S;. The block A; therefore contributes s; — s;41
new columns. Since sy = d > sgy1, block k contributes at least one jump,
and no lower block contributes a jump. Hence the smallest jump degree is
k. Summing the degrees of the selected columns gives the formula for J. [J

Running Example. In the example (3.1),
S3 = Les, Sy =8 =L?

so the suffix ranks and required numbers are

Thus k=2, N =2,and J =2-143-1=5. A jump basis must contain one
column from Az and one from As. For example, (c3, c3) is an independent
selection with one column in each original position, but it cannot be a jump
basis because it uses no column from As.

Since Sy = L?, reading A; creates no further jumps. The basis search can
therefore use the trimmed matrix

1000

The selected columns retain their original block indices two and three.

3.6. Properties of FJ presentations. We first describe the behaviour of
FJ presentations in short exact sequences.

Proposition 3.8. Let
6: 0—wV¥V —>T—d—0

be a short exact sequence defined by a biderivation 0.

(i) Suppose that ® and U are of types FJo, n, and Flq, N,, respectively.
If deg, 6(t) < M := min{Ny, No}, then Y is of type FJs a1, where o
is any shuffle of the two compatible orders.

(ii) Conwversely, suppose that Y is of type FJ, p and deg,. 6 < M. Then
both ® and ¥V admit FJ presentations with respect to the orders in-
duced by o.
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Proof. For every j > M, the coefficient of 77 in Y; is block diagonal. Con-
sequently, in this degree range, every successive column span is the direct
sum of the corresponding spans for the two diagonal presentations. A col-
umn creates a jump precisely when its column in the corresponding diagonal
block creates a jump.

Thus any shuffle preserving the two internal orders selects exactly the
embedded jump columns of ®; and ¥;. These already form a basis of the
whole coordinate space, so columns of degree less than M create no further
jumps.

For the converse, all jumps occur in the block diagonal degree range.
Restricting the column order to either diagonal block therefore selects its
greedy jump columns. Since the whole presentation has exactly one jump
in every position, the same holds in each diagonal block. ([l

Corollary 3.9. Let

0=Y9CYTiC---CYT,=7T
be a filtration by t-submodules. Suppose that its factors ®, = /Y a1 have
FJ presentations with minimum jump degrees N, and put

M = min N,.
1<a<v
If each extension 0 — T, 1 — T, — ®, —> 0 is represented by a
biderivation o, satisfying deg, 6, < M, then the resulting presentation of T
is FJ.

Proof. Apply Proposition 3.8 successively. O
Suppose that T admits a filtration whose factors are strictly pure t-
modules ®4,...,®,. In coordinates adapted to this filtration, its presen-
tation has the block lower triangular form
P, 0 e 0
51}—1><v (I)v—l te 0
(3.9) T = ) ) .
d1xv  Oixp—1 0 Pp

Here 6, denotes the off-diagonal block in the block row corresponding to
®, and the block column corresponding to &y, for a < b.

Proposition 3.10. Let Y be a block-triangular t-module of the form (3.9),
with deg, ®, = ng. If deg, doxp < min{ng,np} for all a < b, then Yy is FJ
with respect to every ordering of its column positions, and

N = mainna, J = Zdana.
a

Proof. Write T; = Zjﬂio A;j79 and read the coefficient matrices 4; in de-
creasing order of j. Before A; is examined, the selected columns span pre-
cisely the coordinate blocks whose diagonal degrees are greater than j. At
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degree j, each diagonal block with n, = j has an invertible coefficient ma-
trix. The degree bounds make all off-diagonal blocks in the same block row
or block column vanish at degree j and above. Its columns therefore give
do independent new directions, in any order. Columns belonging to blocks
with larger diagonal degrees lie in the span already obtained: their entries
in coordinate blocks with diagonal degrees of at most j vanish. Columns
belonging to blocks with smaller diagonal degrees vanish entirely at degree
j-

Descending induction proves that the selection succeeds for every order-
ing of the column positions. Each block a contributes exactly d, selected
columns of degree ng,, so

N = mgnna, J = Zdana.
a

O

These statements connect FJ presentations with triangular ¢-modules.
Recall that a triangular t-module admits a 7-composition series whose fac-
tors are Drinfeld modules; see [13, Section 4]. In coordinates adapted to
this series, its matrix is triangular, with Drinfeld modules 1, ..., %, on the
diagonal. Since a Drinfeld module is strictly pure and deg, 1,(t) = rk g,
the preceding proposition gives the following consequence.

Corollary 3.11. Let T = (¢, 6) be a triangular t-module. If
deg, dgxp < min{rk ¢, vk} for all a <0,
then Y, is FJ for every column order, with
Ja =1k g, N = mainrkij)a, J = Zrki/}a.
3.7. Abelianity and motive rank. We now show that the jump degrees

determine the rank of the associated motive. We use the notation Mg
introduced in the preliminaries.

Theorem 3.12. Suppose that ®; is an FJ presentation with respect to the

o-order, with jump degrees ji,...,j5q. Then Mg is free over L|t], with basis
(3.10) {elmi1<s<d, 0<r <},
where eg is the s-th standard column vector. In particular, ® is abelian and
d
tk®=J=>j.
s=1

Proof. Let C be the jump matrix, let A\, be row s of C~', and put N =
ming js. Define

Rg = {(fl, o fa) € L{T}IXd s deg. fs < js for every 8}.
The rows in (3.10) form an L-basis of Rg.
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Every row g = >, gx7" € L{7}'*? has a unique expansion

9= s As, (1 ges - -+ Hdgs) = grC®).
s,k

Proposition 3.6 implies that ,us,ka)\s(I)t, when nonzero, has leading degree
k+js, coefficient ji, 1, in position s, and zero coefficients in all earlier positions
of the g-order.

For g # 0, put

M = max (k+ 7).
#s,k?ﬁo( JS)

Among all pairs (s, k) with psx # 0 and k + j, = M, choose the one whose
pivot position s occurs first in the fixed o-order. Explicitly, if the positions
are ordered as o(1),...,0(d), choose s = o(r) with r as small as possible
among these pairs. The chosen summand has coefficient pg 5 # 0 at degree
M in position s. Every other summand of degree M has its pivot later in the
o-order, and hence has zero coefficient in position s; summands of smaller
degree contribute nothing at degree M. Thus this leading term cannot be
canceled, and deg.(¢g®;) = M.

Since M = k + js > js, this term also shows that g®; ¢ Rg. Moreover,
deg, g = max,, 20k and j; > N. Consequently, for every g # 0,

g(pt 7é 0, gq)t ¢ R, degT(g(Dt) > deng + N.

Using the same pivot columns, successively eliminate every coefficient
in position s whose degree is at least js;. Process degrees in decreasing
order and, at each degree, positions in the o-order. Proposition 3.6 ensures
termination, giving a division

f=9g% + R, R € Rgp.
Uniqueness follows from g®; ¢ Rg for g # 0.

If g # 0, the leading pivot term of g®; cannot be canceled by R, since its
degree is at least the bound js at that position. Hence

deg‘rg Sdeng_N.

Since N > 0, repeated division therefore terminates and expresses f as
v
f = ZRZ(I)fv Rf € Re.
/=0

Since Ry®} = ' - Ry, the rows in (3.10) generate Mg over LI[t].

Finally, suppose that Y ;_, Ry®¢ = 0. Uniqueness of division gives Ry =
0. Right multiplication by ®; is injective, so removing one such factor and
repeating gives Ry = 0 for every ¢. The L-independence of the rows in (3.10)
now proves their L[t]-independence. Their number is J. O

The proof uses only Frobenius powers of coefficients and therefore does
not require L to be perfect. When L is perfect, we obtain the following
corollary.
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Corollary 3.13. Suppose that ®; is an FJ presentation defined over a per-
fect field L. Then ® is t-finite.

Proof. Since L is perfect, every abelian t-module over L is t-finite by [14,
Theorem A]. O

4. FINDING A JUMP BASIS

We now give Algorithms 1-6 for deciding whether A = [A; | --- | A4,)]
admits an admissible column order. The search first selects one column from
each original position, subject to independence and the required number
of columns from each block. It then tests whether a single permutation,
used within every block, makes these selected columns the jump columns.
The running example will illustrate both tests and the need to undo an
unsuccessful selection.

4.1. Preprocessing by suffix ranks. Algorithm 1 computes the suffix
ranks from Subsection 3.5 and stops at the first full-rank suffix encountered
while j decreases. This gives

k=max{j:s; =d} and Required[j|=17; =35 — Sjt1.
The entries below k remain zero, since the lower blocks contribute no jumps.
To retain the original block indices, we record the trimmed input as
Aprim = (k,[Ax | -+ | Ay]). All subsequent algorithms use these original
block indices. The additional record Flag = ((k, sg), ..., (n,sy)) stores the

suffix ranks. The successive column spans remain the flag defined in Sec-
tion 3.

Algorithm 1 Preprocessing by suffix ranks

Input: A=[A; | --| Ay, with A; € Maty(L).
Output: (Found, Agyim, Flag, Required).
1: procedure PREPROCESS(A)
2 if rank A < d then
3 return (False, @, &, @)
4: end if
5: Sp+1 < 0, Flag < (), Required < (0,...,0) of length n
6
7
8
9

for j=n,n—-1,...,1do
sj < rank[A; | --- | Ay
Required[j] « s; — sj41
Append (j, s;) to Flag

10: if s; = d then

1L Aprim <= (7, [A45 [ -+ | An])

12: Reverse Flag to increasing block order
13: return (True, Agim, Flag, Required)
14: end if

15: end for

16: end procedure
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Running Example. For the example (3.1), Algorithm 1 computes s3 = 1
and so = 2, and then stops. Its output is

Airim = (2, [(1) (1) (1) ﬂ) , Flag =1((2,2),(3,1)), Required = (0,1,1).

Every possible jump basis must therefore use one column from As and one
from As.

4.2. Candidate lists. For each original position ¢, Algorithm 2 lists its
nonzero columns in decreasing block order. A candidate is recorded as
(i, 7, c;»), so its position and block index remain available throughout the
search.

Algorithm 2 Candidate columns with original indices

Input: Ayim = (k, [Ag |-+ | An)).
Output: Lists Lq,..., Ly.

1. procedure Li1STS(Atyim)

2 fori=1,...,d do

3 L; ()

4: for j=n,n—1,...,k do
5: if cz'- # 0 then
6

7
8

9

Append (i, 7, c;) to L;
end if
end for
end for
10: return (Lq,...,Lg)
11: end procedure

Algorithm 3 orders the lists by increasing length, so the search considers
positions with fewer choices first. Equal lengths retain their original order.
This only determines the order in which selections are tried; the compatible
column order ¢ is computed separately by Algorithm 4.

Algorithm 3 Ordering the candidate lists
Input: Lists Lq,...,Lq.
Output: Ordered family OL.
1: procedure SHORTFIRST(L)
2 Stably sort Lq, ..., Lg by increasing length
3: return the resulting family OL
4: end procedure

Running Example. In the example (3.1), the lists are
L1 = ((1, 3, 62), (1, 2, 61)), L2 = ((2, 3, 62), (2, 2, 62)).
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Both have length two, so OL = (L1, Ls). The search therefore chooses
a candidate for position one before choosing a candidate for position two,
even though the eventual compatible order is o = (12).

4.3. Testing a compatible order. In the algorithms, an independent se-
lection is recorded as

B= ((Ljhbl)v'"7(d7jd7bd))> bs:cjs'

Its vectors form a basis (by,...,bs), with one column from each original
position. Suppose that exactly r; columns have been selected from each
block A;. Put

C:[bl,...,bd], Bj:{SZjSZj}, DjchlAj.

Thus (Dj)ix; is the coefficient of b; in the expansion of c; For each unse-
lected column cé, the condition

(41) le Bj, ) ¢ Bj, (Dj)lxz‘ 75 0
requires position ! to precede position ¢ within that block. Record this
requirement as a directed edge | — i on the vertex set {1,...,d}. The same

permutation must satisfy all these requirements, across all blocks.

Proposition 4.1. The selected columns form the canonical jump basis for

a permutation o if and only if every edge I — i places l before i in o.

Consequently, a compatible order exists if and only if the directed graph is

acyclic.

Proof. The selected columns from blocks of index at least j are independent
n

and their number is )  r; = s;. They therefore form a basis of S;. In
=

particular, the expansiojn of any column of A; uses only selected columns

whose block indices are at least j. Those from higher blocks have already

been read.

If the selection is the canonical jump basis, an unselected column lies in
the span of the selected columns read earlier. Each of its nonzero coordinates
in a selected column of the same block must therefore occur at an earlier
position. This provides all the requirements in (4.1).

Conversely, suppose that o satisfies every requirement. Each unselected
column is then a combination of selected columns read earlier. It creates
no jump. Each selected column is independent of the preceding selected
columns and hence creates a jump. These are precisely the prescribed
columns. The compatible orders are thus the topological orders of the graph,
which exist exactly when it is acyclic, see [9]. O

Algorithm 4 constructs such an order by repeatedly removing a vertex
with no incoming edge from the remaining vertices. If no such vertex exists,
subsequent incoming edges produce a directed cycle. Choosing the smallest
available vertex makes the returned order lexicographically smallest for the
selected basis.
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Algorithm 4 A compatible order for a selected basis

Input: Atim; an independent selection B with the required block counts.
Output: (Found, o).

1: procedure ORDER(Ayim, B)

2 Form C = [by,...,byq] in original position order
3 C~! « Inverse(C), R+ o

4: for j=k,...,ndo

5: Bj — {8 1 )s = ]}, Dj — O_lAj
6 forie {1,...,d}\ Bj do

7 for [ € B; do

8 if (Dj)lxi 75 0 then

9: R+ RU{(l,4)}

10: end if

11: end for

12: end for

13: end for

14: S(—{l,...,d}, UF()
15: while S # @ do

16: T+ {ieS:HeS with (I,i) € R}
17: if T = @ then

18: return (False, &)

19: end if

20: 19 < min T

21: Append i to o;

22: S+ S \ {Zo}

23: end while

24: return (True, o)

25: end procedure

Running Example. For the selection (ci,c%) = (e1,e2) in the example
(3.1), C =I5 and

By= {1}, Bs={2}, DQ:[(l) ﬂ D3:[(1) ﬂ

Block Ag contributes no edge because (D2)1x2 = 0. Block As contributes
2 — 1, since (D3)ax1 = 1. Thus position two must be read first: its se-
lected column ¢ = ey must precede the equal, unselected column ¢} = es.

Algorithm 4 removes vertex two and then vertex one, returning o = (12).

4.4. Selection and backtracking. Algorithm 5 selects one candidate
from each list by depth-first search. Its current path contains independent
columns, and Used[j] counts the columns already selected from block j. A
candidate is accepted only if it preserves independence and does not exceed
Required[j]. Independence can be tested by checking that adjoining its
vector increases the rank of the path matrix by one.
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At a path of length d, every required count is attained: the counts are
bounded above by the requirements and both sum to d. The selection is
then tested by Algorithm 4. If the test or a later selection fails, the last
choice is undone and the next candidate is tried. The helper DFS below
is local to SEARCH; it shares the inputs, the path, and the count array. At
a completed path, it sorts a copy into original position order, keeping the
path available for backtracking.

Algorithm 5 Depth-first selection with required block counts

Input: Atim, OL, Required.
Output: (Found, B, o).

1: procedure SEARCH(A¢im, OL, Required)
2 d + #OL, Path < ()

3 Used < (0, ...,0) of length #Required
4 return DFS(1)

5: end procedure
6
7
8
9

: procedure DFS(?)
if £ > d then
B < a copy of Path, sorted by original position
: (Found, o) <— ORDER(Atyim,B)
10: if Found then

11: return (True, B, o)

12: end if

13: return (False, @, @)

14: end if

15: for (i,j,c¢) € OL[/], in list order do

16: if Used[j] < Required[j] and c is independent of the path then
17: Append (i, 7, c) to Path

18: Used[j] < Used[j] + 1

19: R+ DFS(¢/+1)

20: if R is successful then > verify by means of Algorithm 4.
21: return R

22: end if

23: Used[j] + Used[j] — 1

24: Remove the last entry of Path

25: end if

26: end for

27 return (False, @, @)

28: end procedure

Running Example. For the example (3.1), the first choice from L; is
(1,3, e2). The candidate (2, 3, e2) is then rejected because the required count
for block three has already been reached. The other candidate, (2,2, e3),
is rejected because it is dependent on the selected vector ey. The search
therefore removes (1, 3, e2) and resets Used[3] to zero.
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The next choice from L is (1,2,e1). Now (2,3,e2) is accepted: the
two vectors are independent and use one column from each required block.
Algorithm 4 returns o = (12), so the search succeeds with

(4.2) B=((1,2,e1),(2,3,e2)), o= (12).

Here the triples record the original indices; their vector components give the
basis (eq, €2).

Algorithm 6 combines the preceding steps.

Algorithm 6 Finding a jump basis

Input: A=[A; | ---| Ay, with A; € Maty(L).
Output: (Found,B, o).

1: procedure JuMPBASIS(A)

2 (Found, Ayyim, Flag, Required) +— PREPROCESS(A)
3 if not Found then

4: return (False, @, &)

5: end if
6

7
8
9:

L + Li1STS(Atrim)
OL < SHORTFIRST(L)
: return SEARCH(Aqyim, OL, Required)
end procedure

Theorem 4.2. Algorithm 6 returns success if and only if A admits an ad-
missible column order. On success, its selected columns are the canonical
jump basis for the returned permutation and satisfy Proposition 3.6.

Proof. If rank A < d, there cannot be a jump basis with one column from
each position. Otherwise, Proposition 3.7 shows that every such basis lies in
the retained blocks and satisfies the required block counts. At a successful
leaf, Algorithm 5 has selected one column from each position, the columns
are independent, and all required counts are attained. Proposition 4.1 makes
the returned order compatible.

Conversely, fix a canonical jump basis for an admissible order. Each se-
lected column occurs in its candidate list. Every partial selection along these
lists is independent and stays within the required block counts. Thus none
are rejected by Algorithm 5. The finite search reaches this selection unless
it has already found another valid one. Its graph has a compatible order, so
Algorithm 4 succeeds. The row identities follow from Proposition 3.6. [J

Running Example. Applying Algorithm 6 to C*(®) in the example (3.1)
returns the basis and permutation in (4.2). Reading the retained blocks in

this order gives

(Cg’ Cil’)? C%’ C%) = (627 €2, €2, 61),

whose successive ranks are 1,1, 1, 2. Its jump columns are exactly c% and ci.
Their original block indices give j; = 2, jo = 3, hence N = 2 and J = 5.
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The next section uses this basis to reduce biderivations and compute the
t-action for the same pair (®, V).

5. EXTENSIONS AND THE REDUCTION ALGORITHM

We apply the t-reduction algorithm introduced by Gloch, Kedzierski and
Krason in [6, Section 3]; see also [7]. We briefly recall its steps. The general
correctness argument will not be repeated: our task is to construct a basis
satisfying the requirements of Step 2.

Let ® and ¥ have dimensions d and e, respectively. For 1 < ¢ < e and
1 <s<d, let B s denote the e X d matrix with 1 in row ¢, column s, and 0
elsewhere.

5.1.

The steps of the t-reduction algorithm.

Step 1: Identify extension classes with matrices modulo inner bideriva-
tions, using ( )

1  Der(®, ¥

Ext- (9. 9) = 5@, 0)
and evaluation at .

Step 2: Choose an L-basis (U;xs) of Mat.xq(L) satisfying the reduc-
tion requirements A-D:

A. the inner biderivations §(7"Uixi) form a system of generators of
the F,—linear space Der;j, (®, ¥);

kU
B. the matrix (5t(CT Uixi) has at the i x j-entry a polynomial whose

coeflicient at the largest power of 7 is equal to c.

C. for every biderivation § € Der(®, V) there exists a sequence of
inner biderivations §(©™"Uixi) where ¢ € L and k; € Z>( for
[=1,2,...,r such that the reduced biderivation:

-
red(8) = 6 — 3 6™ Vixi) € Matxa(L{T}) <7,
=1
where N = [degT 5§CTOUM )} . The reduced form red(d) will be
0
called normal.
D. different reduced biderivations in Mateyq(L{7})<n represent
different elements in Extl(®, ¥).
Points A., B., C. and D. imply that there exists an isomorphism of
F,—linear spaces:

Ext!(®, U) = Mateyg(L{T})<n

Step 3: For the resulting bounds n;xs, choose the coordinate mono-
mials
Eixst", 0 <71 < nixs.
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Step 4: Compute the action on each coordinate with a scalar param-
eter c:
tx [cEixsT"] = [Yi(cEixsT")].
Step 5: Reduce these matrices using the inner biderivations from
Step 2.
Step 6: Express the reduced matrices in the coordinates from Step 3.

Step 7: Replace each additive coordinate polynomial ), ahcqh by its

linearization Y, a5 7".

Final step: Assemble these coordinate vectors as the columns of the
matrix II;.

By [6, Proposition 3.1], the existence of a basis satisfying Step 2 ensures
that this procedure gives an Anderson t-module structure on the extension
group.

For the remainder of this section, we fix the following notation and as-
sumptions. Fix an FJ presentation ®; of dimension d, with compatible order
o = p~ !, jump matrix C, and jump degrees ji, ..., jq4. Suppose that

dim¥ =e and m=deg, ¥, < N := msinjs.
Set
Uixs = BixsC™!, € ={V € Matexa(L{r}) : deg, Vixs < js}.
Thus matrices Uy form an L-basis of Mateyq(L).

5.2. Verification of Step 2 for FJ presentations. We start with the
following lemma.

Lemma 5.1. For € L and k > 0, the inner biderivation associated with
H = ,uTkUiXs satisfies
5,§H) = By 4 Z aEjqm" s + R, deg, R < k+ js,
p(1)>p(s)
for suitable a; € L. In particular, its degree is k + js.
Proof. By Proposition 3.6, U;xsA, = 0 for r > j,, while U;xsA;, has pivot
entry 1 in position (4, s) and zero entries in earlier positions of the o-order.
The leading coefficient of H®; is pu(U;x SAjS)(’“), so Frobenius twisting pre-
serves the pivot and these zeros. Since
degT(‘l}tH) < deg‘r ‘Ilt +k< js + ka
the target contribution does not affect this coefficient. O

Let C be the jump matrix. Every matrix H = . H,7 has a unique
k

expansion

(5.1) H= Z uixs7k7kUiXS, where [Mixsvk]i,s = H,O®).

ix s,k



22 D. E. KEDZIERSKI, D. KOELLMER, AND P. KRASON

Lemma 5.2. The map H — (5§H) is injective, and € N Derj, (P, ¥) = {0}.

Proof. Let H # 0 and set R = max{k+js : ptixsk 7 0}. Among the positions
attaining this maximum, choose the first position s in ¢, and choose a row i
with ;x5 r—j, 7 0. By Lemma 5.1, the coefficient of (5t(H) in position (7, s) at
degree R is fi;xs,r—j,- Terms with smaller leading degrees cannot contribute
there. Terms with leading degree R whose positions follow s in o have zero
entry there, and the other rows do not affect row ¢ at that degree. Thus this
coefficient is nonzero. It follows that 5§H) # 0. Since R > j,, it also follows
that 5 ¢ €. m

Theorem 5.3. The basis (Usxs)i s satisfies the requirements of Step 2 with
bounds

Nixs = Js-
Consequently, the t-reduction algorithm endows Extl(®, W) with an Ander-
son t-module structure of dimension

d
eJ =e Z Js-
s=1
Its coordinate representatives are the matrices in &£, with coordinate basis

(5.2) E:(EiXSTT:lgige,1§s§d,0§r<j5).

Proof. We verify A-D of Step 2.

For A, every H = >, H 7" has a unique expansion of the form (5.1).
Then additivity gives the corresponding expansion of its inner biderivation.

Conditions B and D follow directly from Lemmas 5.1 and 5.2, respectively.

For C, eliminate coeflicients of degree R > j; by subtracting the inner
biderivation determined by p7%77sUjy . Process degrees in decreasing order
and, at each degree, positions in the o-order. The lemma shows that each
correction affects only later positions at the same degree and lower degrees.
Thus reduction terminates in &£.

The conclusion now follows from [6, Proposition 3.1]. O

5.3. Vanishing of morphisms for t-modules with FJ presentations.
The following theorem is an immediate consequence of Lemma 5.2.

Theorem 5.4. Let @ be a t-module admitting an FJ presentation with jump
degrees j1,...,74, and let U be a t-module satisfying deg ¥y < ming js.
Then

Hom,(®, V) = 0.

Proof. Let H : ® — ¥ be a morphism of t-modules. Then o) — o, —
VU.H =0, and hence H = 0 by Lemma 5.2. ]

Running Example. For the example (3.1) we obtain

0+ 72 0 _
HOH17—<|: 7_3 9+T2+T3:|,0+7'>—0.
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5.4. Precomputation for the t-reduction algorithm. The following
pseudocode implements these steps using the FJ data computed in Sec-
tion 4. We construct a unique representative of each extension class with
entrywise degree bounds determined by the j,;. Its eJ coefficients provide
coordinates in which we compute the induced action of t.

Algorithm 7 obtains the reduction data from the two presentations. The
original block indices in the selected basis give the degrees j;.

Algorithm 7 Preparing the reduction data

Input: t-module presentations ®;, ¥; over L.
Output: Reduction data D, or a failure with its reason.
1: procedure PREPARE(®,, U;)
2 Extract Aq,..., A, from &,
3 (Found, B, o) <— JumMPBASIS([A;1 | --- | Ay])
4 if not Found then
5: return failure: no admissible order for this presentation
6 end if
7 Form C and j < (js) from B, in original position order
8 Compute C~!
9: if deg, ¥; > min, js; then
10: return failure: the strict degree gap does not hold
11: end if
12: Form Ujxs = F;xsC~! and the ordered basis E
13: U+ (Uixs)m
14: return D = (®;,¥,,C,C~', 0,5, U, E)
15: end procedure

Running Example. Recall the example (3.1):
oy = 0+37—2 (2) 3|
T O+71°+71
Here C' = Iy, 0 = (12), and (j1,72) = (2,3). Thusm =1 < N =2, and
Uix1 = (1,0), Uix2 = (0,1).
The normal representatives are precisely
F = (ap+ai1, by +b17 + b27'2).

For Uy« the leading coefficient is in position one at degree two. For Ujxo
it is in position two at degree three; a coefficient in position one may occur
at the same degree, since position one follows position two in o.

\I/t:9+T.

5.5. Termination of reduction. Let p = ¢~!. For an input matrix V,

set D = max{0,deg, V}, taking D = 0 when V = 0. The coefficients to be
removed are indexed by

PDZ{(R,svi):jSSRgD, 1<s<d, 1g@'ge},
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We order this set by decreasing R, then increasing p(s), and then increasing
i.

Suppose the current coefficient indexed by (R,s,i) is p. Subtracting

R—js,

(515” T Uixs) gots this coefficient to zero. Lemma 5.1 shows that the sub-
traction creates no term of degree greater than R. At degree R, it changes
only row i, and its other changes occur in positions later than s in o. Every
coefficient it can change in Pp therefore comes at or after the chosen one.

Algorithm 8 visits the coefficients in this order. When a coefficient is zero,
its correction H is zero.

Algorithm 8 Reduction modulo inner biderivations

Input: V € Mat..q(L{7}) and valid data D.
Output: (F,W), with F € £ and V — F = "),
1: procedure REDUCE(V, D)

2 F«V, W +0

3 D < max{0,deg, V}, with D=0if V=0

4 for all (R, s,i) € Pp, in the prescribed order do
5: < (CoeffTR F)'i><s
6

7

8

9

k< R-— j87
H «+ :U’TkUiXs
F+F—(H® —V.H)
: W« W+ H
10: end for
11: return (F, W)
12: end procedure

Proposition 5.5. Algorithm 8 terminates, using at most
d
K(D) = eZmax{O,D—js +1}

s=1
nonzero corrections. It returns F € £ and W satisfying V — F = 5§W).
Proof. The input has no term of degree greater than D, and Lemma 5.1
shows that every subtraction preserves this bound. After an element of Pp
has been processed, its coefficient is zero and all subsequent steps leave it
zero. Each element is visited once, and there are exactly K (D) elements.
At the end, every coefficient of degree R > js in position s is zero, so F' € £.

The identity V—F = (5§W) holds initially and is preserved by every update,

since H — 6§H) is additive. O

The total degree need not decrease at every step. What ensures termina-
tion is that the process cannot return to a coefficient already removed.

Running Example. The example (3.1) makes this distinction explicit.
Take V = (0,u73), with u # 0, and put A = 69 — §. The ordered list
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is
Py =((3,2,1),(3,1,1),(2,1,1)),
The successive corrections are
Hy = pU 3, Hy = —ptUy 1, Hy = —pUy 1.
Writing Fo =V and F, = F, 1 — 5,5(H“) gives

Fy

(= w7 utr —pr?).

Fy= ((NA — )7, i — /HQ)-

The first step leaves the degree equal to three, but moves the reducible
coefficient from position two to position one. The second step removes it at
degree three and leaves a reducible coefficient at degree two in position one.
The third removes that coefficient. The degree-two term in position two is
allowed because js = 3. Hence F3 € £, and

VoFy=0" W=pul,— prUss — pU,.

5.6. The action of ¢ on extension classes. The results presented in this
subsection are specializations of Proposition 3.1 in [6]. We nevertheless
include them here for the sake of clarity and to facilitate the exposition.

The action on extension classes is t[V]| = [¥;V]. In normal coordinates,
it is therefore
(5.3) F s red (9, F).

We compute its matrix by applying this formula to each normal coordinate
separately.

We write the basis E defined in (5.2) as E = (g1,...,9a:). For each gg,
introduce a formal scalar ¢ and reduce W¢(cgg). At each step, the correction
uses addition, multiplication by fixed elements of L, and Frobenius powers
of the current coefficient. These operations preserve additive polynomials in
c¢. Since the elimination order is finite, we obtain

(5.4) red(¥;(cgg)) Z fap(€)9a, fap(c) Zaaﬁ hcq )
h>0

with finite sums and a,g, € L. The corresponding entry of the action

matrix is
(M)ag = Y aapat.
h>0

Thus the reduction of W;(cgg) determines column £ of II;.
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Algorithm 9 Computing the action on extension classes
Input: Valid reduction data D, with ordered basis E of the form (5.2).
Output: II; € Maty (L{7}).

1: procedure EXTMATRIX(D)

2: II; < Oprses

3: for g=1,...,M do

4: (F,W) < REDUCE(V(cgs), D), with formal ¢
M

5: Express F'= > fap(¢)ga
a=1

6: fora=1,...,M do

T Write fag(c) =5 aag,hcqh

h

8: (Ht)aﬁ < % aa@}ﬂ'h

9: end for

10: end for

11: return II;

12: end procedure

Theorem 5.6. Let ® be of type Flsn and let deg, ¥y < N. Normal
representatives give Exti(q), U) a natural t-module structure of dimension
M = ed. Algorithm 9 computes its action matriz II;. In the coordinate
order fixed above,

(5.5) O, = (1. + Ng) ® I

Proof. Theorem 5.3 identifies extension classes with the additive group of
E. The elimination formulas show that (5.3) is an additive polynomial map
defined over L. It agrees with the action on extension classes, so II; gives
an F,[t]-action on GM.

To compute its differential, take g = E; 7", with r < js. The part linear
in ¢ in Wy(cg) is

(01, + N\p)CELSTT.

It is already normal: multiplication by this constant matrix changes only
the row index, preserving s and r. Every other term contains ¢?" with h > 1.
The elimination formulas preserve or increase this Frobenius index, so such
terms do not contribute to the part linear in c¢. This proves (5.5). Since
Ng ® I is nilpotent, the nilpotence condition (2.1) in the definition of an
Anderson t-module holds. O

Running Example. For the example (3.1), the normal basis is
gi=1[1 0], ga=[r 0], g3=[0 1], gu=[0 7], gs=1[0 77].
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Three of the images are already normal:
red (y(cg1)) = Ocgr + cga,
red (U4(cg3)) = Ocgs + g,
red (Uy(cgq)) = Ocga + cgs.
For the second coordinate,
Wy(ega) = [fer + 72 0].

Subtracting the inner biderivation determined by H = c?U; ; removes ci1
and gives

2

red (Ui(cg2)) = (00 + cq2>gg.
For the fifth coordinate,
Wy(egs) = [0 Oer? + c173].

The degree-two term is normal. Applying the three-step reduction above to
the degree-three term, with u = ¢, gives

red (Uy(cgs)) = (Acq — cq3)92 + cq2g4 + (Oc — ) gs,

where A = 0% — . Consequently, the action matrix is

0 0 00 0
T 0+72 0 0 Ar—73
(5.6) II; = |0 0 g 0 0 , A=07-9.
0 0 T 0 72
0 0 0O 6-r71

Its differential is 615, in agreement with (5.5), since Ny = 0.

6. Exto (P, V) AND THE EXACT SEQUENCE

Throughout this section, we set the following notation and assumptions.
1

Take an FJ presentation ®; of dimension d, with compatible order o = p™+,
jump matrix C, and jump degrees ji,...,jq. Suppose that
dim¥ =e and m =deg, ¥; < N := min j,.
S
Set Ujxs = EixsC~! and the normal coordinates E of the form (5.2), con-
structed in Section 5. Set

d
J=>js and M=el
s=1
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6.1. The inclusion of Exty (®, ¥). Recall that
Dero(®, ¥) = {5 € Der(®, ¥) : () = 0}

and

Dero(®, )
Exto., (@, U) = .
<o (%, V) = 50 ) 1 Der (@, 9)

The inclusion of biderivations induces an injective map
v : Exto (@, ¥) — Extl(®, ).

Indeed, a biderivation in Dergy represents zero in the full extension module
precisely when it belongs to Derg N Derj,. Its image consists of the extension
classes admitting a representative V' with Vj = 0. Since

(U:V), = (0 + Ny) Vo,

the action of ¢ preserves this subgroup, and ¢ is F[t]-linear.
For H = Y Hy 7", the constant coefficient of the inner biderivation is
k

(5§H))0 = HyNg — Ny Hy.

Thus 6 Dery(®, ¥) precisely when HyNg = Ny H).

6.2. The exact sequence. Recall that Section 5 identifies the full exten-
sion group with the normal-coordinate space £ and determines the matrix
II; representing the t-action.

To determine which extension classes belong to Extg -, we must determine
which constant coefficients can be removed by an inner biderivation. Put

W = Matexd(L), T:- W — W, T(H()) = HyNg — Ny Hy.
For 6" = H®, — U, H, one has
H)Y _
Thus equivalent representatives have constant coefficients that differ by an
element of im 7. The constant-coordinate information that remains is
Q=W/imT, h=dimy Q = ed —rank T .

Thus h is the number of independent constant-coordinate obstructions to
membership in Exto . It is computed by the rank of the linear map 7.
Left multiplication by Ny preserves im 7, because

NgT(Ho) =T (NgHp).
It therefore induces a nilpotent endomorphism Ny of Q:
No(V+imT) = NgV +im T
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Theorem 6.1. Under the assumptions above, there is an exact sequence of
t-modules

0 — Exto (P, ¥) - Extl(®,¥) 25 (Q,0idg +Ny) — 0,

where p([V]) = Vo +1imT. The dimensions of the three terms are M — h,
M, and h, respectively.

Proof. The formula for <5§H))0 shows that p is well defined. It is surjective

because every matrix in W is a constant representative of a biderivation.

A class [V] lies in ker p precisely when Vj = T (Hp) for some constant
matrix Hp. Subtracting 5t(HO) then gives a zero-constant representative of
the same class. Conversely, every zero-constant representative maps to zero.
Hence ker p = Extg -(®, ¥). Moreover, (V;V)g = (0I.+Ng)Vy, so p respects
the asserted t-action on Q.

In the normal coordinates of Section 5, p is an L-linear surjection of

additive algebraic groups. Its kernel is the linear space
50:{F€5:F0€im7-},

of dimension M — h. This space is preserved under the additive polynomial
t-action on &, since (V4F)y € im 7T whenever Fy € im 7. The differential
of the restricted action is the restriction of OIl; to this invariant space. By
Theorem 5.6, OI1; — 81, is nilpotent, so its restriction is nilpotent as well.
Thus & is an Anderson t-module. The nilpotence of Ny also makes @ a
t-module with the displayed action. Both maps in the exact sequence are
morphisms of t-modules. O

6.3. Coordinates for the inclusion and the restricted action. The-
orem 6.1 characterizes Ext » inside the full normal-coordinate space. We
now turn this characterization into explicit coordinates.

Choosing a basis. Let £; be the space of normal representatives with zero
constant coefficient. Its coordinate monomials are

(6.1) E+:{@ﬂh 1<i<e, 1<s<d, 1§k<ﬁ}

There are £ = M — ed such monomials. Fix an order for them. All constant
matrices are normal, so £ = W @ £,. Choose a basis Vi,...,V,. of im T,
where r = ed — h.

Proposition 6.2. The space representing Exto - in full normal coordinates
]

80 = 1mT€B ng.
A coordinate basis is
(6.2) Eg = (Vl,...,‘/;«)UE+,

with the positive-degree monomials in the fized order above. Its cardinality
isr+4=DM—h.
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Proof. By Theorem 6.1, the only condition on a full normal representative
is Iy € imT. Its positive-degree coordinates are unrestricted. The direct
sum and basis follow. O

We now specify the basis Vi, ..., V, of im T used in Proposition 6.2. Recall
that

W = Matexd(L), T(H()) = HyNg — Ny H), r=-ed— h.

For Hy = [hixs] e W, let vec(Hp) € L be obtained by stacking its
columns:

1,8
T
vec(Ho) = [h11,- -, he1,hi2, .- hed]
Thus vec(E;xs) is the standard coordinate vector with index i + e(s — 1).
In these coordinates, 1" is represented by

D=NI®I, —1;® Ny, vec (T'(Hp)) = D vec(Hy).

Use Gaussian elimination to find indices k1, . .., k. of original columns of
D that form a basis of its column space, and set
B = [D*Xkl ‘ e | D*Xkr] S Matedxr(L)'

For each a, write k, = i4 + e(s, — 1) and define
Ha — L, X549 Va — T(Ha) — HaNCID - N\IlHa-

Then Biyxq = vec(Vy), and Vi, ..., V, form the chosen basis of im 7". The ma-
trices H, are therefore selected standard basis matrices of W; the matrices
V, are their images under T

Each V, is normal, and [V,] € Extg.(®, V). Indeed, regarding H, as a
constant matrix over L{7}, put

51 = H,®, — U, H,.

Its constant coefficient is T'(H,) = V,. Hence
H, H,
Vo] = [Va=o"™] and (V-4 ))0 —0.
Thus the class admits a representative with zero constant coefficient, even

though its normal representative may have a nonzero constant coefficient.

Coordinates on the constant quotient. Choose a matrix Z € Mategyxp(L)
whose columns complete those of B to a basis of L¢¢. Then

A= [B Z] € GLe4(L).
The matrices obtained by reshaping the columns of Z into e x d matrices
represent a basis of @ = W/imT. Write the inverse in row blocks as

Al = LZO] , U € Mat,yeq(L), Py € Mat,yeq(L).

Since A~'A = I.4, block multiplication gives

I 0] [U _[UB Uz
Ied:{o Ih]_{Po} B Z]_{POB POZ}'
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In particular, ker Py = im B.

Matrices of the inclusion and quotient maps. Let £ = M — ed. Order
the full normal coordinates with the constant matrix units first, in column-
vectorization order, followed by the fixed basis of £;.. Express II; in this same
order. A full normal representative then has coordinate vector ({), where
¢ € L records its constant coefficient and = € L* records its positive-degree
coefficients.

By Proposition 6.2, a class belongs to Extg ,(®, V) precisely when ¢ €
im B. Writing ¢ = Bu, its coordinates in the chosen basis of & are (%).
Therefore the inclusion into the full normal-coordinate space has matrix

B 0 U Bu
K= K = .
The quotient map sends () to Pyc, so its matrix is

P=1[R 0].
Finally, set

0 Iy
For vectors in the image of K, this matrix recovers the & coordinates:

x x
The matrices K, P, and R have dimensions

K € Matyry -y (L), P €Matpxn(L),  R€Mat_pyxam(L),
and satisfy

r=5 1

RK = Iy, PK =0, ker P = im K.

Here R is a linear coordinate map; it need not be a morphism of t-modules
or provide a splitting of the exact sequence.

The inclusion and quotient maps. Reorder the full normal basis E with
the constant matrix units first in column-vectorization order, followed by the
fixed basis E of £;. Express II; in the same order. Let K, P, and R be as
defined above.

Proposition 6.3. In the bases above, the inclusion and quotient maps have
matrices K and P, respectively. Their t-action matrices are
Iy = RIL K, Qi =01, + Py(Ig® Ng)Z.
The identities
ILK = Kllyg, PIly = QP
hold.
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Proof. Left multiplication by Ny has constant-coordinate matrix I; ® Ny.
Applying this matrix to the quotient representatives Z and projecting by P
gives the formula for Q);. Theorem 6.1 gives PII; = Q.P.

Using PII; = QP and PK = 0, we obtain

PILK = Q,PK = 0.

Thus II; K takes values in ker P = im K. Since RK = I, the restriction of
KR to im K is the identity. Consequently,

K(RILK) = (KR)ILK = ILK.

The restricted action, expressed in the basis determined by the columns of
K, therefore has matrix IIp; = RII; K. In particular, I, K = K1l . U

Computing the exact sequence. The following four procedures compute
the coordinate form of the exact sequence. The input consists of valid FJ
reduction data D for (®, V), satisfying the degree gap, and the full ordered
normal basis E = (g1, ..., ga) of the form (5.2). Algorithm 9 computes the
full action matrix II; in this basis.

This procedure first finds a basis of the removable constant coefficients.
It then completes this basis to become a basis of all constant matrices. The
added columns represent a basis of Q.

Algorithm 10 Constant-coordinate data
Input: Nilpotent matrices Ny € Matg(L), Ny € Mate(L).

Output: (h, B, Z,U, Py), where [B 7]~ = go}

1: procedure CONSTANTDATA(Ng, Ng)

2 Ne < ed

3 D+ NI®I, —1;® Ny

4: I < pivot-column indices of D, using exact Gaussian elimination
5: B+ D,xy, r < #I1, h<n.—r
6 Jp  pivot-column indices of BT

7 Jz < {1,...,n.}\ Jp, in increasing order
8 7 (I”c)*xJZ’

9: A« [B Z], G+ A1

10: U<+ Gl:rx*a PO — Gr+1:nc><*

11: return (h, B, Z,U, Fy)

12: end procedure

The basis of Extg, consists of the matrices represented by the columns
of B, followed by all positive-degree full normal monomials. The quotient
basis is represented by the columns of Z. We first form the coordinate maps
with constants first, then translate them back to the original full coordinate
order.
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Algorithm 11 Bases, inclusion, and projection

Input: Full ordered basis E of the form (5.2), dimensions d,e, and
(h,B,Z,U, Py) from Algorithm 10.
Output: Bases Eg, Eg and matrices K, R, P in the original full coordinates.

1: procedure SEQUENCECOORDINATES(E, d, e, h, B, Z, U, )
2 M+~ #E, nc+ed, £+ M—-n., r<mn.—nh
3: I, < indices of E’i,sTO in E, ordered by s, then i
4: I, < indices of all positive-degree gg, in their original order
5 p < (I, I4) > concatenation of the two index lists
6 S < (Inr)sxp > columns of I, in the order p
7 Ey (vec—l (B*Xa))r : followed by (gs)ser,
a=

h
8: Eg < (Vec_1 (Zixp) + im T)bi

9: K« diag(B,I;), R+« diag(U,I;), P« [Py Opx]
10 K+« SK, R+« RST, P« PsT

11: return (Eg, Eq, K, R, P)

12: end procedure

Here, vec™! denotes the inverse of the column-wise vectorization map.

The matrix S converts the reordered full coordinates to the original full
coordinates. The products involving S are implemented by row or column
permutations. The index lists I. and I, are obtained in a single scan of the
stored basis. Because it is a permutation matrix, S~! = S7. The symbol
diag(B, Iy) denotes a rectangular block matrix when B is rectangular.

The following procedure computes the action on Exto, by applying the
full action to its embedded coordinates and recovering its basis coordinates
with R. The quotient action uses only Ny.

Algorithm 12 The two induced actions

Input: I, = Y>> ; C,7® in the original full basis; K, R from Algorithm 11;
d; h, Z, Py from Algorithm 10; and Ny.

Output: Ilp; and Q.

1: procedure SEQUENCEACTIONS(II;, K, R,d, h, Z, Py, Ny, 0)
2 Hoﬂg 0, Kiw + K

3 fora=0,...,s; do

4 C(),a +— RC, Ky, Iy < Ilp¢ + CO,aTa

5: Kiw Kt(vlv), unless a = s,

6 end for

7 N(—Po([d@)N\p)Z, Qt<—91h+ﬁ

8 return (Ilp, Q)

9: end procedure
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The final procedure combines the preceding constructions and checks
the coordinate identities certifying exactness and compatibility with the
t-actions.

Algorithm 13 Assembly and verification of the exact sequence

Input: Valid reduction data D for (®,¥), including the full normal basis
E and the field operations.
Output: Bases and action matrices of the three terms, the inclusion K, the
projection P, and h.
1: procedure EXACTSEQUENCE(D)

2: Read ®,V,0,d, e, E from D

3: Ng < 00; — 01

4: Ny < 0V, — 01,

5: (h,B, Z,U, Py) - CONSTANTDATA(Ng, Ny)

6: (Eo,Eq, K, R, P) <~ SEQUENCECOORDINATES(E, d, e, h, B, Z,U, )
7 IT; < EXTMATRIX(D) > from Algorithm 9
8: (ITp ¢, Q¢) < SEQUENCEACTIONS(IIy, K, R, d, h, Z, Py, Ny, 6)

9: M < #E, Mo+ M —h

10: assert RK = Iy, and PK =0

11: assert rank K = My and rank P = h

12: Write II; = ), C1¢

13: H07t = Za Co,aTa

14: sr < max{0, deg, II; }; missing coefficients are zero

15: fora=0,...,s, do

16: assert O, K(® = KCogq

17: end for

18: assert PCy = Q:P and PC, = 0 for every a > 1

19: assert (Coo — 6Ip,)¢ =0
20: assert (Q; —0I,)¢=0

21: return (h, Eg, E,Eq, o, II;, Q¢, K, P)
22: end procedure

6.4. The structure of the quotient. Proposition 6.3 gives the quotient
matrix in coordinates chosen by Gaussian elimination. Its isomorphism type
has a simpler description: it depends only on the Jordan block lengths of
Ng and Ny. Nilpotent Jordan form exists over L without extending the
field. Write the block lengths as

ai,...,a, for Ng, bi,...,b, for Nyg.
Theorem 6.4. Set cog = min(aq, bg). Then the quotient in Theorem 6.1 is

(Q.01dg +Nv) ~ P @ (G, 0L, + Je,, ) -
a=1 p=1



COMPUTING EXTENSIONS OF FJ T-MODULES 35

where J. is a nilpotent Jordan block of length c. In particular,

u

h= Z min(aq, bg).
a=1pB=1

Proof. Put both nilpotents in Jordan form and decompose W into the rect-
angular matrix spaces belonging to source and target block pairs. Both T
and left multiplication by Ny preserve this decomposition. We may treat
one pair of block lengths a, b.

On Matyx,(L) let = denote right multiplication by J, and y denote left
multiplication by .J,. They commute. Starting with Ej; gives

Y 12'Ep1 = Ep—ji11i, 0<i<a, 0<j<0.

These are all the matrix units. Hence this rectangular space, with its two
operators, is the cyclic module L[z, y]/(z%, ).

The map T is multiplication by x — y. Passing to its cokernel imposes
the relation x = y, so on this pair

coker T = L[l‘, y]/(l‘av yba T — y) ~ L[Z]/(Zmin(a,b)).

Since left multiplication by Ny corresponds to multiplication by y, its in-
duced action on the quotient is multiplication by z. In the ordered basis
2671 2672 ... 1, with ¢ = min(a,b), its matrix is J.. Summing over all
block pairs proves the assertion. O

Thus the quotient can have nontrivial nilpotent action despite having no
positive powers of 7. Each block of length ¢ is an iterated extension of ¢
copies of (G, 0).

Corollary 6.5. Ford,e > 0, the action on Q is scalar if and only if N =0
or Ny = 0. If both vanish, then h = ed and dim Extg -(®, V) = eJ — ed.

Proof. The quotient nilpotent vanishes precisely when every min(aq,bg) is
one. If one of the original nilpotents is zero, all its block lengths are one.
If both are nonzero, each has a block of length at least two, and that pair
contributes a quotient block of length at least two. The dimension formulas
follow from Theorem 6.1. O

For example, if No = Ny = Js, then h = 2 and the quotient is (G?L, 015 +
J2). The kernel of 7T is spanned by I and Jo. Testing individual matrix
units detects only Fqo = Jo and misses Iy = Fq1 + F9o. This explains why
the quotient dimension must be computed by linear algebra rather than by
counting individual directions of a chosen basis.

Running Example. In the example (3.1) we have N = Ny =0, C' = I,
and (j1,72) = (2,3). Consequently 7 =0 on W = L'*2, so

QR=W, h =2, M =5, My =3, Q: = 015.

Theorem 6.1 therefore applies directly. In Algorithm 10, B is empty, Z = I,
and Py = I5. There is no constant basis vector in the kernel.
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Every inner biderivation has zero constant coefficient. Thus the full nor-
mal representative

F = (CLO+(L17', bo+b17‘+bg’7’2)
belongs to Extg . exactly when ag = by = 0. Its coordinates are therefore
given by
Eo = (f1, fa, f3) = ((7,0),(0,7), (0, 72)).
The action can be checked by hand. Set A = 09 — . For fy, set Hy =
(c?,0). Then
5§H1) = (cq72 — 0).

Subtracting it from W, (cf1) gives (Oc + cqz)fl. The image Ui(cfo) = Ocfo +
¢l fs is already normal. For f3, put p = ¢? and H = (—u7 — p?, ). Direct
skew polynomial multiplication gives

0™ = ((—Ap+ u® )7, ur? + pr® — pir).

Subtracting this from W;(cf3) = (0, 0cr? +ci73) yields a normal matrix. We
obtain

red(¥y(cf1)) = (B + ) f,

red(Wi(cfa)) = Ocfa + I fs,

red(Wy(cf3)) = (Ac? —eT) i + ¢ fo + (Bc — ) .

Hence
0+72 0 Ar—713
0 0 72
0 T 0—-7
Its differential is 013, so it satisfies the nilpotence condition (2.1) in the
definition of an Anderson t-module.
In the full coordinate order (ag, a, by, b1,b2), Algorithm 11 gives

o =

000
100 01000

K=10 0 0], P:nggg], R=1000 1 0f.
010 00001
00 1

Thus ¢(u,v,w) = (0,u,0,v,w) and p(ag, a1, b, b1,b2) = (ag,by). The pro-
jection is surjective. If Pz = 0, then 1 = 3 = 0 and x = K (22,24, 25)".
Hence ker P = im K, and R recovers the unique kernel coordinates.

Selecting columns 2,4, 5 of the full matrix (5.6), and selecting its rows
1,3, gives

ILK = Ky, PII; = 0P.

These are direct identities of the displayed matrices; no software calculation
is needed. The exact sequence of Theorem 6.1 is

0 — (G2, To,) &5 (G5,11,) &5 (G2, 01,) — 0.
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7. DUAL t-MODULES

Let C denote the Carlitz module,
Ct =0+

Duality for Drinfeld modules was introduced by Taguchi [17]; its description
in terms of extension groups was developed in [16]. The corresponding con-
struction for strictly pure t-modules is studied in [12]. We use this extension
interpretation for the flag-jump presentations considered here.

Definition 7.1. For a t-module ¢ with Ng = 0, define its dual by
(7.1) " := Exto ,(P,C).
This definition gives an Fgy[t]-module. When @ is of type FJ, ny with

N > 2, the inequality

deg,.C:=1< N
allows us to apply the reduction results of the preceding sections. The re-
sulting normal coordinates give the dual a t-module structure, whose action
matrix is computed by Algorithm 12 with ¥ = C, after the full action has
been computed.

Theorem 7.2 (Weil-Barsotti formula). Let ® be of type FJ, n, with N > 2
d
and Ng = 0. Writed =dim® and J = ) js.

s=1
(i) There is an exact sequence of t-modules
(7.2) 0 — oV 2 Extl(®,C) 2% (GY,01;) — 0.

The dimensions of the three terms are J — d, J, and d, respectively,
and 00, = 0I;_4.

(i) Let W be of type FIy N7, with N' > 2 and Ny =0, and let f : & — ¥
be a morphism. Put e = dim V. Pullback of extensions induces a
morphism of t-modules

Ve — eV
and a commutative diagram with exact rows:
0 — ¥V 2 Extl(v,0) 2% (GE,01,) — 0
(7.3) [ | |
0 — &V & Extl(®,C0) 22 (G, 01;) — 0.
Here Of = fy is the constant coefficient matriz of f. The right

vertical map is written in column coordinates; in row coordinates it
is right multiplication by O f.

Proof. The degree gap with C gives a t-module structure on Extl(®,C) by
Theorem 5.6. Since Ng = Ng = 0, the constant-coordinate map 7T is zero
on Matqxq(L). Its quotient is this entire d-dimensional space, with scalar
action 01;. Thus Theorem 6.1 gives (7.2).
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Every inner biderivation has constant coefficient zero. Consequently, the
normal representatives of ®" have ordered basis

ES = (B :1<s<d, 1 <r<js).
Its cardinality is > (js —1) = J —d. The full normal space has dimension J,
S

and taking the constant coefficient gives the quotient of dimension d. The
differential of the full action is 1 ; its restriction to the dual coordinates is
therefore 01;_4. This proves (i).

For (ii), represent f by its matrix in Matexq(L{7}), so that f®, = W, f.
If an extension of W by C is represented by the row V', define

(7.4) (V) =il
This is well defined on extension classes. Indeed, for an inner representative
HY, —C:H,
(HY, —CH)f = (H[)® — C(H).

Hence pullback sends inner biderivations to other inner biderivations. More-
over,

(Vf)o = Vbafa
so it preserves Derg and induces fY. Moreover (C;V)f = C(V f), which
proves compatibility with the t-action.

These maps are additive polynomial maps in normal coordinates. For each
normal basis element g for Ext(¥,C), reduce cgf for the pair (®,C), with
formal c. The resulting coordinate polynomials determine the corresponding
column of f*. Restriction to the dual coordinates gives fV.

The left square in (7.3) commutes by the definition of f¥. For the right
square, taking constant coefficients gives

pa(f*([V])) = Vodf.
This is the asserted quotient map, proving (ii). ([l

Remark 7.3. For composable morphisms f : & — W and g : ¥ — 2 as in
the theorem, pullback satisfies (g o f)* = f* o ¢* and (idg)* = id. Since fV
is induced by the restriction f* : ker pg — ker pg, where py and pg are the
quotient maps in (7.3), these identities give

(gof)V=1Yog",  (idg)' =idev .

7.1. The dual of the running example. For the example (3.1), ¥ = C.
Thus the module computed in Section 6 is ®V for

o, — 0+ 72 0
N R S R

The jump degrees (j1,72) = (2,3) contribute one and two dual coordinates,

respectively. Hence

dim®Y =(2-1)+(3-1)=3.
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With representatives (ur,vr 4+ w7?) its action matrix is

0+72 0 Ar—73
0 0 72 , where A =07-90.
0 T 00—

The Weil-Barsotti sequence is
0 — @V 2 Extl(®,C) 22 (G2,01,) — 0.
Its normal-coordinate form is
0— (G}, @)) & (G,1L) 5 (G2, 0L) — 0,

where K and P are the inclusion and projection matrices from Section 6.

(7.5) o) =

Corollary 7.4. Let ¢ = m%x min(ag, bg). Then Extl(®, V) admits a filtra-

)

tion of t-modules

Exto(®,¥) =Fy C Fy C -+ C F, = Ext}(®, ),
whose successive quotients satisfy

F./F._1 ~ (G, 01,,), 1<r<e,
where
my =#{a:aq >} - #{B:bg>1}.
Proof. Let
7 : BExtl(®,¥) — Q

be the projection from Theorem 6.1. Set

Qr = ker (Ny,), F.=74Q,), 0<r<e

Since the t-action on Q is given by fidg +Ny, each @, is a t-submodule.
Thus the t-modules F,. form the asserted filtration.
By exactness, 7 induces isomorphisms

Fr/Fr—l = QT/QT’—I'
Since Ny (Q,) C Qr—1, the induced t-action on these quotients is scalar.

By Theorem 6.4, Ny has one Jordan block of length min(aq, bg) for each
pair (o, ). Consequently,

dimz (Qr/Qr-1) = #{(a, B) : min(aa, bﬁ) >}
=#{a:ay>1r}-#{B:bg>1}

Therefore,
F./F,_1 ~ (G'",01,,),
as claimed. O
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8. ARITHMETIC COMPLEXITY

8.1. The arithmetic model. We count additions, multiplications, inver-
sions, and exact zero tests in L at unit cost, and use classical Gaussian
elimination and matrix multiplication. Coefficient access and the compar-
isons used to organize the search are also included. Write f, for the cost
of one application of z +— z7 in L. Repeated squaring gives the arithmetic
bound f; = O(log q); a representation with a Frobenius primitive may give
a smaller cost.
Retain the notation

d = dim P, e=dim VU, n = deg, &, m = deg, Uy,
and assume m < ming j; for Algorithms 7-13. Put

Jmax = msaxjs, J = st, M =ed.
S

Matrix units and normal basis elements are stored by their indices. Skew
polynomials are stored by their coefficient matrices, and a formal additive
coefficient

H
fle) = Z facqa
a=0
is stored as (fo, ..., fir). Thus its storage and arithmetic depend on H + 1.

8.2. The jump-basis search. Suppose preprocessing retains b=n—k+1
blocks. As written, Algorithm 1 first computes the rank of a d x nd matrix
and then recomputes the ranks of suffixes containing 1, ..., b blocks. Its cost
is therefore
O((n+b*)d®).

If the initial rank is deficient, it stops after O(nd?) operations. Maintain-
ing an echelon basis while adjoining blocks would reduce the preprocessing
bound to O(nd?); the displayed bound applies to the successive rank com-
putations in the pseudocode.

For a selected basis, Algorithm 4 computes C~!' and the b products
C~14;. This costs O(bd®). The graph has at most d(d — 1) edges, and
the successive scans for a vertex with no incoming edge cost O(d?) addi-
tional elementary tests. Algorithm 2 examines bd vectors of length d, giving
O(bd?) zero tests. Algorithm 3 uses O(dlogd) comparisons of list lengths.

Let a1 < --- < agq be the ordered list lengths, let v be the number of
candidates examined by the depth-first search, and let £ be the number of
completed selections tested by Algorithm 4. Then

d r d d!
(8.1) VSZH‘“’ ngin{Hai, - }
i=1

i ", Required[j]!

The second bound uses the required block counts: each original position has
at most one candidate in a given block. Recomputing ranks for independence
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tests gives O(vd?), while the completed selections cost O(£bd®). Define
(8.2) S = (n+b*)d* + vd® + tbd®.

The bounds for Algorithms 1-7 are summarized below.

Algorithm and procedure Arithmetic upper bound

1. PREPROCESS O((n+ b*)d?)

4. ORDER O(bd?)

2. LisTS O(bd?)

3. SHORTFIRST O(dlogd) comparisons
5. SEARCH O(vd® + (bd?)

6. JuMPBASIS 0(S)

7. PREPARE OS+d®+ed+ M)

Since a; < b, (8.1) gives a bound exponential in d. For fixed d, it is
polynomial in b. Sorting the lists and enforcing the block counts can reduce
the visited tree substantially. Incremental echelon tests can replace vd® by
vd?; the bounds above use the direct rank tests described in Section 4.

8.3. Full reduction and Frobenius indices. Let D be an upper bound
on the degree of an input to Algorithm 8. The number of visited positions
is
d
K(D) = eZmaX{O, D —js+1} <ed(D +1).
s=1

The visited positions include those whose coefficient is zero; their prescribed
order is generated by nested loops.

Let \s; be row s of the jump-basis matrix C~!. For a correction H =
,uTk’Ui,s, the products are

Js
HOy =Y pB; (CHA) Wkt

m
U, H = Z Mq”BUEi’S(C—l>(k+v)Tk+v_

v=0
Here Ag = 01;+ Ng and By = 01.+ Ny. The first product changes one row,
and each coefficient of the second is an outer product. Precompute C~ 1A,
and their required twists, together with the twists of C~!. Since m < j,,
for an input of degree at most D, no index greater than D is needed. The
shared cache costs

A(D) = (n+1)d® + (D + 1)(n + 2)d*f,.
After caching, a correction with scalar coefficient costs
O(k), k=d(n+1)+ed(m+ 1)+ mf,.

This includes updating the accumulated inner matrix.
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For a formal additive coefficient, let s bound the number of stored Frobe-
nius indices in every intermediate coefficient. Scalar products, additions and
coefficient twists then cost at most s times their scalar counterparts. Define

R(D, s) = s(ed(D + 1) + K(D)k).

One full reduction costs O(A(D) + R(D, s)); the cache is calculated once for
all inputs sharing the same bound D. For coefficients in L, take s = 1. Each
correction increases the largest formal index by at most m. Starting with
an index of at most H therefore gives

Hout < H+ mK(D)

Only the Frobenius indices are stored, not all ordinary powers of the formal
parameter.

8.4. The full action and the exact sequence. For Algorithm 9, put
D, =m + jmax — 1, s« =14+ m(1+K(Dy)).

Each input W;(cgg) has a degree of at most D, and an initial formal index
of at most m. Constructing all M columns and storing all entries of the
resulting coefficient matrices, including zero entries, gives

(8.3) Ty = A(D,) + MR(D,, s,) + M?s,.

In particular, II; has at most s, coeflicient matrices.
For Algorithms 10-13 write
n. = ed, r=rank 7, h=n:.—r, My= M —h,
s = 1+ max{0,deg, II;} < s,.
The bounds below use dense coefficient matrices and classical matrix arith-
metic. They start with prepared reduction data.

Algorithm 10 performs echelon computations on D and B”, and inverts
the n, x n. matrix [B Z]. Its cost is O(n3). The nonpivot row indices of B
provide the complement, so this construction requires only two echelon com-
putations and one inversion. Algorithm 11 scans the stored basis and forms
the coordinate maps. Permutations are implemented by index reordering.
Writing the dense matrices K, R, P costs O(M?); no dense multiplication

by the permutation matrix is required.
For each full coefficient Cy, the product RC,K (@ costs

O(MoM? + MEM) = O(M?*My).
Successive entrywise twists of K cost O(sipM Mof,) in total. Dense compu-
tation of Py(Iy ® Ny)Z costs O(n2h + n.h?). Thus Algorithm 12 costs
Tio = SHMQMO + s M Mofy + ngh + nchQ.

This bound includes writing the s;p Mg restricted-action coefficients and the
h? quotient entries. In particular, it is bounded by O(spg M3 + s M2, +n?).
The inclusion and projection are constant matrices and need no further
reduction of representatives.
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The assertions in Algorithm 13 have a cost that must also be counted.
Rank and constant-product checks cost O(M?). Checking all coefficient
intertwining identities costs O(sgM?), together with the Frobenius chain
if it is not reused. Repeated squaring for the two nilpotence checks costs
O((M§ + h3)log(e + 1)). A uniform verification bound is therefore

(8.4) Viz = sy M?® + sy M Mof, + (M3 + h?) log(e + 1).

If the full action is not supplied, Algorithm 13 also pays the cost Tyg. The
resulting bounds are

Procedure Bound inside O(-)

8. REDUCE A(D) + R(D,1)

9. EXTMATRIX Ty

10. CONSTANTDATA n?

11. SEQUENCECOORDINATES M2

12. SEQUENCEACTIONS T

13. EXACTSEQUENCE Ty +n3 + M? + Tis + Vi3

When II; is already available, omit Ty from the last row. Sparse storage can
reduce the output and multiplication costs, but the displayed bounds make
no sparsity assumption. The dense postprocessing uses O(syyM? + n?) field
elements, including its full input and output matrices. Successive twists of
K are generated one at a time, rather than storing an additional matrix for
every Frobenius index.

Running Example. In the example (3.1) d =2, e =1, m =1, (j1,j2) =
(2,3),and T =0. Hence n. =2, r =0, h =2, M =5, and My = 3. Also
D, =3, K(3) =3, and s, = 5. The displayed full action actually has degree
three, so sy = 4. The inclusion K and its left inverse R are coordinate
selections with entries in F,. Every twist fixes them. Consequently the
restricted action is obtained by extracting rows and columns 2,4, 5 from I,
rather than performing dense products or running another reduction. The
quotient is 615.

After the jump-basis search, the work in Algorithms 7-13 is polynomial
in the dimensions, degree bounds, and f,. These are arithmetic, not bit-
complexity, bounds. Over F,(6), for example, 69" has degree ¢ in 6; coeffi-
cient growth must be accounted for separately.

The accompanying software T-FExt Ezplorer [10] provides the basis search
and full reduction used by Algorithms 1-9. Algorithms 10-13 compute the
coordinate maps of the exact sequence, the induced actions, and their veri-
fication.

APPENDIX A. PARTIAL REDUCTION OF ZERO-CONSTANT BIDERIVATIONS

In this appendix, we study exact sequences of t-modules with middle
term Extl(®, ¥) and quotient on which ¢ acts as multiplication by 6. We
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identify conditions under which the kernel of the quotient map coincides
with Extg -(®, U).

The following notation and assumptions apply throughout this appendix.
1

Fix an FJ presentation ®; of dimension d, with compatible order ¢ = p™-,
jump matrix C, and jump degrees ji,...,jq. Suppose that
dim¥ =e and m =deg, ¥; < N :=min j,.
S
Set

d
J = st and M =el.
s=1

Put
W = Matexa(L),  T(Ho) = HiNy — NyHy, K =kerT.
Choose an £—1i{1ear subspace B C K such that qué C E . The action on
the quotient K /B is given by Gidf{/'é +v, where v(Hy + B) = NyHy + B.
Partial reduction means allowing all positive-degree corrections, but allowing
constant corrections only from B. More precisely, define

Py = {H € Matexq(L{7}) : Ho € B}’ Iy = {5(H) H e PE}’

and set
(‘:g = Dero(é, \P)/Ig
(H)

Here 6, = H®; — V;H. The inclusion Zz C Dero(®, ¥) follows from

(5§H)>0 = T(Hp). Taking B = K gives &z = Exto;(®, V). Notice that the
map

Ty 5§ — EXtovT((I), U), WE([(S]E) = [5]1?
is surjective. By the definitions of P, Z;- and & we see that the map

j§ (E/E,@idg/g—i-v) —>5§, jB(H0+E) = [(5(H0)}§
is injective.
Theorem A.l. Let h = dimj, ﬁ, and b = dim;, B. Normal representatives
endow E5 with an Anderson t-module structure of dimension M —b. There
is an exact sequence of t-modules

— I~ T~
0— (K/B,0idg 5 +v) —2 £5 —2 Exto, (@, ¥) — 0.

The kernel has dimension h — '5, and the last term has dimension M — h.
Proof. First, NyK C E, since T(NgH) = NyT (H). Since also NgB C B,

v is well defined. Moreover, v¢ = 0, because Ng = 0. Hence (% / B,0id +V)

is an Anderson t-module: its action is Fy-linear and its differential minus
fid is nilpotent.
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We describe the algebraic realization of £5. Let Py = {H : Ho = 0}.
Reduction using corrections from P, gives unique normal representatives in
V =span; {E; ;7" :1<i<e, 1<s<d, 1<r<jg}.

The pivot argument used for full reduction applies with each threshold j
replaced by js 4+ 1. Thus Derg /{6(#) : H € P,} is realized by V ~ GM.
Its t-action is obtained by reducing ¥;V. Since (6I. + Ng)V is already in
normal form and all remaining terms involve positive Frobenius powers of
the coordinates of V, the differential of the induced t-action acts on each
coefficient by 01, + Ng. Consequently, its nilpotent part has an exponent of
at most e. Its difference from 01y, is therefore nilpotent.

For completeness, the quotient by the constant corrections from B also
has polynomial coordinates. Write red for this reduction, and let

T(Ho) = redy (8™ = T(Ho)),  HyeW.

Let 5 :V — W extract the coefficients in positions (i, s) at degrees js. The
(

leading pivots of 6tUiXS) have coefficient 1. In decreasing degree and then in
the compatible column order, all other retained boundary coefficients occur
later. Consequently f = BT is a triangular additive polynomial automor-
phism of W. If V. = ker 3, the map

Vi (f718(V), V=T(f7'8(V)))

is an additive polynomial isomorphism V ~ W & V.. For Hj € E, one has
T (Hp) = 0, so the image of its inner correction corresponds to (Hyp,0). The
quotient is therefore isomorphic as an additive algebraic group to

<W/J§) Ve~ GML,
It is stable under t, by
H U H
w6t = 50D (W, H)o = (01, + Ny)Hp.

Its differential is the induced operator on the quotient of Lie()). The nilpo-
tence condition in the definition of an Anderson t-module therefore passes
to EE

Every element of its kernel is represented by () with Hy € K. Since
H — Hy € Py, its class equals {5(1{0)}5. Conversely, every such class maps
to zero. The injectivity of H — 5§H) under the FJ degree-gap assumptions
shows that N

[5(H0)}§ =0 <= H,eB.

This proves exactness and the dimension formulas.
Finally, the same identity for \IltégH) gives

tig(Ho+ B) = jz((01. + N)Ho + B).

Thus j pisa morphism of t-modules. The quotient map T also respects t.
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O
The choice of individual basic directions. With U;xs = E;xsC™!, put
Bhas = spanp, {UiXS | UixsNo = N\I/UiXS}'

In the strictly lower triangular presentation convention, NgBp,s = 0. In-
deed, U;xsNg is supported in row i, whereas NygU, s is supported in rows
strictly following ¢; their equality forces both matrices to vanish. The theo-
rem therefore applies to this choice. One may write & = €p,, . Its kernel
in the displayed sequence is

(K/Bbas, fid —1—1/),

which measures the relations arising from linear combinations of basic di-
rections that are not already included in By,s. Even though Ny Bp,s = 0,
the induced operator v on K / Bpas need not vanish.

The constructions in [11, Theorem 9.2] and [6, Theorem 4.1] can be in-
terpreted in terms of the partial reduction described above. More precisely,
reduction along individual basic directions yields the intermediate t-module
E=E& Buae» Which was identified there with Extg -(®, ). This identification
need not hold in general, since linear combinations of basic directions may
give rise to additional constant inner relations. The precise relation is given
by the exact sequence

0— (?/Bbas,ﬁid +y> — & — Exto,(®,¥) — 0.

Thus, the earlier identification holds precisely when By,s = K. In particular,
this is the case when both Ng and Ny vanish.

A.1. Partial basis and nontrivial example. The following example dis-
tinguishes a count of individual coordinate intertwiners from the dimension
of the full intertwining space. It also shows why the action on the constant
quotient need not be scalar. Let L = F,(#) and put
[0 1 [+ 1 [0 1+7
J2_[o 0}’ q’t_{ 0 9+T2:|7 ‘I’t_[o 0 }

Thus Ng = Ny = Jo. The leading coefficient of &, is Is, so we may take
C =1y, 0 =(1,2) and (j1,j2) = (2,2). The degree gap holds: deg ¥, =
1 < 2. The full normal representatives have degree less than two in every
entry. Consequently, M = 8, with ordered basis

(A1) E = (Erx1, Erxam, E1x2, E1xaoT, Eax1, Eax1T, Eaxa, EaxaT).

The extra 7 in Wy acts on a scalar coefficient ¢ by ¢ — ¢?. Terms of degree
two are reduced using inner biderivations. In the order (A.1), the full action
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is

1 0 00

01y A7) /=1 0 0
Ht_[o o, |0 A0 =10 10
0O 0 7 1

For example, the degree-two term in Wy(cEax17) is c?E1 172, whose normal
reduction is —c?E; 2. This accounts for the entry —7 in A(7).

For Hy = E fﬂ, the constant map is

T(Ho) = Hola — JoHo = | &

—z az—w}

With column vectorization vec(Hy) = (z, z,y,w)’, its matrix is

0 -1 0 O
0 0 0 O
D= 1 0 0 -1
0 1 0 O

Hence

rank D = 2, ker7T = LIy ® LE «o, h=4—rank D = 2.

Among the four individual matrix units, only Fj«s lies in this kernel. The
second kernel direction, Io = F1x1 + Faxo, is a linear combination of two
units whose images are nonzero. Thus the rule €;xs = 0 when E;xsJs =
JoFEixs, and 1 otherwise, gives
1o
- L 1] .

The number of zero entries is one, whereas the full kernel dimension is two.
A dimension calculation using the individual count would predict 8 — 1 =7,
the correct dimension of Extg (P, W) is 8 — h=6.
This discrepancy is visible directly in the candidate partial basis. The
shifted degree ranges 1 < r < js 4 €; 5 give
(Bvxa7, E1x172, E1xaT, Baxa7, Eox172, EaxaT, Eaxat?).

These seven representatives do not give seven independent additive coordi-
nates. For a constant matrix Hy,
0:") = Ho®; — W, Hy = T(Ho) + Hor” — JoHy 7.
In particular, for every ¢ € L,
5§CI2) = cIyt? — By o7

Consequently,
(A.2) [CE1><17'2} + [CE2><27'2} — |:CqE1><27‘} =0.
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In the displayed candidate order, the additive parameter vector (0, ¢, —c%,0,
0,0,c) therefore represents zero. The missing intertwiner Iy produces this
one-parameter redundancy, missed by counting individual coordinate direc-
tions. The family parametrizes the subgroup but is not a coordinate basis;
the partial basis applicability test rejects it.

The image of the constant map is

im7T = LEj2 ® L(Ey — E11).
The rank-based construction consequently gives the ordered basis
(A.3) &0 = (Bix2, Baxa — E1x1, E1xam, Erxat, EoxaT, EaxoT).

The first two normal representatives have nonzero constant terms, but these
constants are removable by inner biderivations. Indeed,

[cE1x2] = [_CElxlTﬂy [c(Eaxa—FEix1)] = [CquxlT—CbelTﬂ (ceL).

Both classes therefore admit representatives with zero constant term, as
required by the definition of Ext . In the order (A.3), the restricted action
is

# 100 —7 0
066 00 0 O
0060 1 0
Moe=1o 7 06 0 1
0000 6 0
0000 0 6
The inclusion, expressed in the full normal coordinates, is the constant map
(A.4) K(uy, ... ug)" = (—ug, uz,u1, us,0, us, ua, ug) " .

Choose [E91] and [Eg] as the ordered basis of Maty(L)/im 7. For X =
[Z Z] , its quotient coordinates are (z,z+w)”. In the full coordinate order

(A.1), the projection is therefore

(A.5) P(xy,... ,:cg)T = (w5, 21 + J:7)T.
The induced action of Jo sends [Faxi1] to [E1x1] = [Faxa] and [Faxa] to
[E1x2] = 0. Thus the quotient action is
6 0
(A.6) a=|] § @ron

The maps above satisfy
I K = Klly,, PII; = Qi P, PK =0.
Moreover, K is injective, P is surjective and ker P = im K. These facts

follow immediately from (A.4)-(A.5). These identities are understood in
the ring L{7}. The entries of K and P are 0,1, —1, hence Frobenius-fixed,
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so the identities can be checked coefficientwise despite the 7-terms in the
action matrices. We obtain the exact sequence of t-modules

(A7) 0 — (GS,TIy,) &5 (G5, 11,) & (G2, Q) — 0.

In terms of extension classes, its first two terms are Exto,(®,¥) and
Ext!(®, ¥), respectively. The differentials of II;, IIp; and Q; are 6I plus
square-zero nilpotent matrices. The computations and the dependence
(A.2) remain valid in every characteristic, including characteristic two.
This example shows that the full rank calculation and the induced quo-
tient action are essential: the number of individual coordinate intertwiners
need not equal h, and the constant quotient need not have scalar t-action.
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